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Abstract 

A generalized geometric method is developed for constructing exact 
solutions of gravitational field equations in Einstein theory and gener- 
alizations. First, we apply the formalism of nonholonomic frame defor- 
mations (formally considered for nonholonomic manifolds and Finsler 
spaces) when the gravitational field equations transform into systems 
of nonlinear partial differential equations which can be integrated in 
general form. The new classes of solutions are defined by generic off- 
diagonal metrics depending on integration functions on one, two and 
three (or three and four) variables if we consider four (or five) dimen- 
sional spacetimes. Second, we use a general scheme when one (two) 
parameter families of exact solutions are defined by any source-free 
solutions of Einstein's equations with one (two) Killing vector field(s). 
A successive iteration procedure results in new classes of solutions 
characterized by an infinite number of parameters for a non-Abelian 
group involving arbitrary functions on one variable. Five classes of 
exact off-diagonal solutions are constructed in vacuum Einstein and 
in string gravity describing solitonic pp-wave interactions. We explore 
possible physical consequences of such solutions derived from primary 
Schwarzschild or pp-wave metrics. 

Keywords: Exact solutions; Finsler geometry methods; nonlinear 
connections. 



1 Introduction 

Even through, a large number of exact solutions were found in various 
models of gravity theory [U El [3] , there are available only a few general meth- 
ods for generating new solutions from a given metric describing a physical 
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situation to certain new physical properties and geometric configurations. 
In quantum field theory, (although approximated) some methods where for- 
mulated by using the formalism of Green's functions, or quantum integrals, 
the solutions are constructed to represent a linear or nonlinear prescribed 
physical situation. Perhaps it is unlikely that similar computation tech- 
niques can be elaborated in general form in gravity theories. Nevertheless, 
such approaches where developed when new classes of exact solutions are 
constructed following some general geometric/ group principles and ideas 
[H El El El El El EH] • Although many of the solutions resulting from such 
methods have no obvious physical interpretation, one can be formulated 
some criteria selecting explicit classes of solutions with prescribed symme- 
tries and physical properties. 

The technique proposed in works [H E] generates exact source-free solu- 
tions of Einstein equations and treats spacetimes having one, or two, Killing 
vectors. The scheme introduced in [3] begins with any source-free solution 
of Einstein's equation with a Killing vector and defines a one parameter 
family (possessing a nontrivial group structure) of exact solutions. Even 
through starting from a quite simple solution like the Schwarzschild one, 
the resulting metrics were considered too sophisticated to admit any simple 
interpretation. In the second work [3], the author proved that the case of 
two Killing vectors^ is more appropriate for physical interpretation. In such 
a case, one must specify an arbitrary curve (up to parametrization) on a 
three-dimensional vector spaces associated to an exact four dimensional so- 
lution. The so-called parametric transform (forming a non-Abelian group) 
was defined generating, from a single solution, a family of new solutions 
involving two arbitrary functions of one variable. A successive iteration 
of such transforms results in a class of exact solutions characterized by an 
infinite number of parameters. 

Almost 20 years after formulation of the parametric method, a new ap- 
proach to constructing exact solutions in gravity (the so-called, anholonomic 
frame method) was proposed and developed in works [HI El El El El EDI Ell 
E2 E31 EH ES]- O ne of its distinguished properties is that the existence 
of Killing symmetry is not crucial for definition of moving anholonomic 
framed!. The first publication [6] contained certain examples of generic off- 
diagonal exact solutions, in three and four dimensional gravity (in brief, we 
shall write respectively 3D and 4D). The idea was to take any well-known 
exact solution (of black hole, instanton or monopole ... type) which can 
be diagonalized with respect to a corresponding coordinate frame and then 
to deform it by introducing generic off-diagonal metric termg^l in a manner 



1 for instance, a Weyl solution, which is a space with two commuting Killing vectors 
2 we shall use both equivalent terms anholonomic and/or nonholonomic; here we note 

that a local basis is nonholonomic if its vectors do not commute like for the coordinate 

bases but satisfy some anholonomy relations, see section 2 

3 parametrizing, for instance, certain 2D or 3D solitonic waves; such metrics can not be 
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that generates new classes of exact solutions. We note that one could be 
constructed source-free solutions and more general ones with matter fields, 
or with string gravity corrections, when extra dimensions and nontrivial 
torsion fields are considered. Various classes of such solutions were ana- 
lyzed [7J [U El El [10] (they describe nonholonomic deformations of Taub - 
NUT spaces, locally anisotropic wormholes, black ellipsoid and toroidal con- 
figurations, self-consistent interactions of (non)commutative Dirac and/or 
solitonic gravitational waves...). 

The anholonomic frame method works as follows. We take a 'primary' 
metric in a 5D (or 4D/ 3D) spacetime. The constructions are more simple if 
this metric is at least a conformal transform of a well known exact solution 
with diagonal metric. As a matter of principle, we can consider that the 
primary metric is a general one on a Riemann-Cartan manifold, not being 
obligatory a solution of gravitational field equations. By anholonomic frame 
(vielbein; or vierbein/ tetradic, in 4D) deformations, the primary metric and 
linear connection structures are transformed into the corresponding 'target' 
ones for which the Einstein equations are exactly integrable. We note that 
the target metrics are generic off-diagonal, depend on classes of integration 
constants and arbitrary functions on one, two and three/four local coordi- 
nates (respectively for 4D/5D spacetimes). 

It should be emphasized that the nonholonomic deformations induce 
nontrivial torsion structures, which can be effectively exploited in string/ 
brane gravity where the antisymmetric torsion plays a corn-stone role. The 
method can be applied in a straightforward form to some general classes 
of generic off-diagonal metrics and linear connections with nontrivial tor- 
sion. Haven being constructed certain classes of exact solutions with inte- 
gral varieties parametrized by a some classes of integration functions, it is 
possible to constrain the set of such functions when the so-called canoni- 
cal d-connection (with nontrivial torsion) transforms into the Levi-Civita 
connection (with vanishing torsion). This way, some more general classes 
of 'nonholonomic' solutions can be restricted to define exact solutions in 
Einstein gravity. Nevertheless, even the metrics defining Einstein spaces de- 
pend on various types of integration functions and possess general nonlinear 
symmetries. 

Sure, many of the off-diagonal solutions generated following the anholo- 
nomic frame method have no obvious physical interpretation. It is quite a 
cumbersome task to define the nonlinear symmetries of such spacetimes and 
decide what kind of physical interpretation may be adequate. Neverthe- 
less, if any initial physical situations were given, it is possible to analyze if 
such nonholonomic deformations can preserve certain similarity and admit 
nonlinear superpositions and any new prescribed properties. We distinguish 
here five special cases (preliminary analyzed in our previous works): 1) The 
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generic off-diagonal metric terms effectively polarize the constants of the 
primary metric (for instance, the point mass and/or electric, or cosmologi- 
cal constants). 2) The existing horizons (if any) are slightly deformed, for 
instance, from the spherical to an ellipsoidal symmetry. 3) The symmetry 
of former solutions can be broken in a spacetime region. 4) One can be 
changing of topological structure but certain former physical properties and 
analogy are preserved. 5) The primary solution is imbedded into a nontrivial 
background (for instance, consisting from a superposition of solitonic and 
pp-waves) . 

A rigorous analysis is necessary in order to state what kind of prescribed 
spacetimes can be generated by a class of nonholonomic transforms from a 
primary metric. Nevertheless, at least for certain classes of 'small' smooth 
deformations, we can conclude that the singular properties (of the curvature 
scalar and tensor) and topology are preserved even additional nonlinear 
interactions are present and the symmetries are deformed. In such cases, it 
is possible to preserve the former physical interpretation but with modified 
constants, deformed horizons and nontrivial backgrounds. 

In order to decide if a new class of generic off-diagonal solutions have 
nontrivial physical limits to the Einstein gravity, we must take into account 
various type of black hole 'uniqueness' theorems and cosmic censorship cri- 
teria [El H7J HH1 HH1 [20]. The strategy to deal with such solutions is to 
chose certain type of integration functions and boundary conditions when 
'far away' from the 'slightly' deformed horizons and finite spacetime regions 
with nonlinear polarizations of constants and nontrivial backgrounds the 
Minkowski asymptotic and spherical topology hold true. Here we note that 
the off-diagonal metric terms, for vacuum solutions, may model certain ef- 
fective matter field interactions (like in the Kaluza-Klein gravity but, in our 
case, without linearization for inducing electromagnetic fields and compact- 
ification on extra dimension coordinate). In this case, there are introduced 
the so-called geometric spacetime distorsions [211 E2] (like matter field dis- 
torsions for black holes [231 [Ml ES] ) and the restrictions of the uniqueness 
theorems and censorship criteria may be avoided. In modern gravity, the 
solutions with possible violation of mentioned type theorems and criteria 
and even of local Lorentz symmetry also present a special interest. 

The parametric method can be applied if the (peseudo) Riemannian 
spacetime possesses at least one Killing vector. In the case when there are 
two Killing vectors, one can be defined an iteration procedure of generating 
classes of exact solutions involving arbitrary functions on spacetime coor- 
dinates labelled by an infinite family of parameters (such parameters are 
not spacetime coordinates). The set of such parameters can be treated as 
a specific space of internal symmetries of the solutions of vacuum Einstein 
equations but there is not clear the complete physical significance of such 
symmetries. For application of the anholonomic frame method, it is not 
crucial that the primary metric is a solution with Killing symmetries. The 
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most important point is to define a nonholonomic frame deformation to a 
special type, off-diagonal, ansatz solving the Einstein equations for a con- 
nection deforming 'minimally' the Livi-Civita connection in order to include 
the contribution of anholonomy coefficients. Certain constraint on integral 
varieties of such solutions allow to generate usual Einstein spaces and their 
generalizations with matter sources and, for instance, string contributions. 
Such classes of solutions, in general, are not characterized by a a group of 
parameters. Nevertheless, a number of commutative and noncommutative, 
Lie algebroicQ and Clifford algebroid or other nonlinear symmetries can be 
prescribed for such metrics. 

Because the target off-diagonal metrics generated by applying the an- 
holonomic frame method positively do not depend on one spacetime coordi- 
nate (but certain coefficients of metrics depend, for instance, on four/three 
coordinates of 5D/4D spacetimes), for sure, the generated nonolonomic 
spacetime^] possesses a Killing vector symmetry. In this CclSG, Si paramet- 
ric transform can be applied after an anholonomic frame generation of a 
vacuum spacetime and the resulting vacuum solution will be characterized 
both by nonholonomic and parametric group structures. If one of the pri- 
mary or target solutions is at least a conformal transform, or a small non- 
holonomic deformation of a well known exact solution of physical impor- 
tance, we can formulate the criteria when certain prescribed geometrical 
and physical properties are preserved or may be induced. For instance, 
we can generate black hole, wormhole,... solutions with locally anisotropic 
parameters, deformed horizons and propagating in nontrivial solitonic/pp- 
wave backgrounds when the physical parameters and geometrical objects 
are parametrized by an infinite number of group parameters and possess 
generalized (for instance, Lie algebroid) symmetries. 

The goals of this work is to show how new classes of exact solutions 
can be constructed by superpositions of the parametric and anholonomic 
frame transform and to carry out a program of extracting physically valuable 
solutions. We shall emphasize the possibility to select physically important 
solutions in Einstein and string gravity. 

The paper has the following structure: in Sec. 2, we outline two geo- 
metric methods of constructing exact solutions in modern gravity. We begin 
with new geometric conventions necessary for a common description both 
of the parametric and anholonomic frame methods. The constructions dis- 

4 Lie algebroids can be considered as certain generalizations of spaces with generalized 
Lie algebra symmetries when, roughly speaking, the structure constants depend on basic 
manifold coordinates and certain singular maps, anchors, are introduced into considera- 
tion, see Ref. [26] for a detailed discussion on definition of such geometric structures as 
exact solutions in gravity 

5 A manifold is nonholonomic if it is provided with a nonintegrable distribution, for 
instance, with a preferred frame structure with associated nonlinear connection (such 
spacetimes are also called locally anisotropic), see Refs. [9{ [27[ [28] for basic references and 
applications in modern gravity. 
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tinguish the approaches related to Killing vectors and to the formalism of 
anholonomic frames with associated nonlinear connection structure. Then 
we formulate the techniques of constructing solutions for five and four di- 
mensional (generic off-diagonal) metric ansatz and analyze the conditions 
when Einstein foliations can be defined by such solutions. 

Section 3 is devoted to the main goal of this paper: elaboration of a 
unified formalism both for the parametric and anholonomic frame methods 
of constructing solutions in modern gravity. We start with the geometry 
of nonholonomic deformations of metrics resulting in exact solutions. Then 
we study superpositions of parametric transforms and anholonomic maps. 
Finally, there are proposed two alternative constructions when a class of 
solutions generated by the parametric method is deformed nonholonomically 
to other ones and, inversely, when the parametric transform is applied to 
nonholonomic Einstein spacetimes. 

In Sec. 4, we construct five classes of exact solutions of vacuum Einstein 
equations and with sources from string gravity, generated by superposi- 
tions of nonholonomic frame and parametric transforms. We briefly explain 
the computations and emphasize the conditions when physically valuable 
solutions can be extracted. In explicit form, such metrics are defined by su- 
perpositions of solitonic pp-waves interacting in nonholonomically deformed 
black hole solutions. 

We conclude the paper with some comments and remarks in Sec. 5. The 
Appendix contains some necessary formulas on curvature, Ricci and Einstein 
tensors for the so-called canonical distinguished connection. An ansatz with 
antisymmetric torsion in string gravity is considered and a general solution 
for nonholonomically constrained components of Einstein equations is con- 
sidered. 

2 Outline of the Methods 

In this section, we outline and compare both the parametric and the 
anholonomic frame methods of constructing exact solutions in gravity, see 
details in Refs. [S [5] and HE M ■ 

2.1 Geometric conventions 

Let us begin with some general notations to be used in this work. We 
consider a spacetime as a manifolds of necessary smooth class V of dimension 
n + m, with n > 2 and m > 1 (the meaning of conventional splitting of 
dimensions will be explained in section [273]) . provided with a metric 

9 = g a pe a ® e a (2.1) 
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of any (pseudo) Euclidean signature and a linear connection D = \X a ^e^} 
satisfying the metric compatibility condition Dg = o|f| The components of 
geometrical objects, for instance, g a /3 and r"^ , are defined with respect to a 
local base (frame) e a and its dual base (co-base, or co-frame) e a for which 
e a J eP = 5a, where "J" denotes the interior product induced by g and 5a is 
the Kronecker symbol. For a local system of coordinates u a = (x l ,y a ) on V 
(in brief, u = (x,y)), we can write respectively 

d d 

e a = (e* = di = — v e a = d a = — ) (2.2) 

and 

C P = (d> =dx j ,c b = dy b ), (2.3) 

for e a \c T = 5 a ; the indices run correspondingly values of type: i,j, ... = 
1, 2, n and a, b, ... = n + l,n + 2, n + m for any conventional splitting 
a = (i,a),f3 = (j,b), ... 

Any local (vector) basis e a can be decomposed with respect to any other 
basis e a and cB- by considering frame transforms, 

e a = A^(u)ea and c 13 = A P (v,)cS- (2.4) 

where the matrix A^a is the inverse to A^- It should be noted that an 
arbitrary basis e a is nonholonomic (equivalently, anholonomic) because, in 
general, it satisfies certain anholonomy conditions 

eaep - epea = W^p e 7 (2.5) 

with nontrivial anholonomy coefficients W^p = ^J^(' u )- F° r ^2/3 = ^» we 
holonomic frames: for instance, if we fix a local coordinate basis, e a = d a . 

Denoting by Dx = X\D the covariant derivative along a vector field 
X = X a e a , we can define the torsion T — {-^~"/3<y}> 

T(X, Y) = D X Y-D Y X-[X,Y], (2.6) 

and the curvature TZ = {R a p^ T }, 

TZ{X, Y)Z = D X D Y Z - D Y D X Z - D [X>Y] Z, (2.7) 

tensors of connection D, where we use "by definition" symbol "=" and 
[X, Y] = XY — YX. The components T a ^ and R a p 1T are computed by 
introducing X — > e a ,Y — > ep,Z — > e 7 into respective formulas (|2.6|) and 
(|2.7p . see [9] and [26] for details and computations related to the system of 
denotations considered in this paper. 



6 in this work, the Einstein's summation rule on repeating "upper-lower" indices will 
be applied if the contrary will not be stated 
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The Ricci tensor 

Ric(D) = {R M = R%J (2.8) 

is constructed by contracting the first (upper) and the last (lower) indices of 
the curvature tensor. The scalar curvature R is by definition the contraction 
with the inverse metric g a/3 (being the inverse to the matrix g a p), 

R = g a(3 Ra(3 (2.9) 

and the Einstein tensor £ is introduced as 

£ = {E a /3 =i= R a/ 3 — -^9apR}- (2-10) 
The vacuum (source-free) Einstein equations are postulated 

£ = {E a p = R a/3 } = 0. (2.11) 

The four dimensional (4D) general relativity theory is distinguished by 
the property that the connection D = V is uniquely defined by the co- 
efficients g a g following the conditions of metric compatibility, Vg = 0, 
and of zero torsion, T = 0. This defines the so-called Levi-Civita con- 
nection ,D = V; we respectively label its curvature tensor, Ricci ten- 
sor, scalar curvature and Einstein tensor in the form ,1Z = { |i? a ^ 7T }, 

,iJic(V) = { >R a p = & a Pia \, ,R = 9 aP and t £ = { ,E a/3 }. Modern 
gravity theories consider extra dimensions and connections with nontrivial 
torsion. We note that in this work we shall consider both nontrivial and 
trivial torsion configurations. The aim is to show not only how our methods 
can be applied to various types of theories (string/ gauge/ Einstein-Cartan/ 
Finsler gravity models) but also to follow a simplified computational for- 
malism related to spaces with effective torsions T induced by nonholonomic 
frame deformations Certain nontrivial limits to the vacuum Einstein grav- 
ity can be selected if we impose the conditions 

E= ,£ (2.12) 

even, in general, we have D/V. Such cases are considered in Refs [9"ll2l)l [5]. 
In this paper, we shall follow more restrictive conditions when D and V 
have the same components with respect to certain preferred bases, when 
the equality (|2.12p can be satisfied for some very general classes of metric 
ansatz. 

We shall use a left -up label "o" for a metric 

°9 = °g a p c a (2.13) 

7 The difference between "boldfaced" and "calligraphic" labels, respectively for opera- 
tors on spaces provided with nonlinear connection structure and certain differential forms, 
will be explained in Sec. 12.31 
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a metric being a solution of the Einstein equations 6 = (12, lip for a linear 
connection D with possible torsion T / 0. In order to emphasize that a 
metric is a solution of the vacuum Einstein equations, in any dimension 
n + m > 3, for the Levi-Civita connection V, or for any metric compatible 
connection D / V satisfying the conditions (|2.12[) . we shall write 

°9= °g*pc a ®c^ (2.14) 

where the left-low label "" will distinguish the geometric objects for the 
Ricci flat space defined by a Levi-Civita connection V. 

2.2 The formalism related to Killing vectors 

The first parametric method [4] proposes a scheme of constructing a 
one-parameter family of vacuum exact solutions (labelled by tilde "~" and 
depending on a real parameter 9) 

°9{0) = ficfi C a <g> (2.15) 

beginning with any source-free solution °g = { °g a p} with Killing vector 
£ = symmetry satisfying the conditions ,£ = (Einstein equations) 
and V^( °g) = (Killing equations). We denote this 'primary' spacetime as 
(V, °5j One has to follow the rule [f]: The class of metrics °g is generated 
by the transforms 

°g a p = B a a '(u,9) b/'M) °9a'P' (2-16) 
where the matrix B^' is parametrized in the form when 

°g a p = AA~ X ( °g a p - X^Ca^/s) + XfiaH/s (2.17) 

for 

A = A[(cos#-u;sin#) 2 + A^in 2 ^ 1 (2.18) 
[i T = \ £, T + ol t sin 29 — f3 T sin 2 9. 

A rigorous proof [4] states that the metrics (|2.15|) also define exact vacuum 
solutions with ,£ = if and only if the values £ a ,a r , /i T from (I2.17p . 
subjected to the conditions 

A = Up :g a ", u = e 7 a 7 , = A 2 + w 2 - 1, 
solve the equations 

V[ a a^] = -j^a^T V 7 £ T 

V [a M/3] = 2A + we a/37r (2-19) 

8 For our purposes, in order to elaborate and unified approach to the parametric and 
the anholonomic frame methods, we introduce a new system of denotations. 
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where the Levi-Civita connection V is defined by °g and e a ^ T is the abso- 
lutely antisymmetric tensor. The existence of solutions for (|2,19p (Geroch's 
equations) is guaranteed by the Einstein's and Killing equations. 

The first type of parametric transforms (|2.16p can parametrized by a 
matrix B a a with the coefficients depending functionally on solutions for 
(I2.19p . Fixing a signature gap = diag[±l, ±1, .... ± 1] and a local coordinate 
system on (V, °g,£ a ), one can define a local frame of reference 

e a , = A^(u)da, (2.20) 

like in ([2.4|) . for which 

°g a 'P' = AjAprgap. (2.21) 

We note that A^r have to be constructed as a solution of a system of 
quadratic algebraic equations (|2,2ip for given values g&p and °g a 'p'- In a 
similar form, we can determine 

e a = A^(e,u)da (2.22) 

when 

°g a p = A*Af g3i . (2.23) 

The method guarantees that the family of spacetimes (V, °g) is also vac- 
uum Einstein but for the corresponding families of Levi-Civita connections 
V. In explicit form, the matrix B a a (u,9) of parametric transforms can be 
computed by introducing the relations (|2.2ip . (|2.23[) into (|2.16p . 

B,?=A*A£ (2.24) 

where A^' is inverse to A^. 

The second parametric method [5] was similarly developed which yields 
a family of new exact solutions involving two arbitrary functions on one 
variables, beginning with any two commuting Killing fields for which a cer- 
tain pair of constants vanish (for instance, the exterior field of a rotating 
star). By successive iterating such parametric transforms, one generates a 
class of exact solutions characterized by an infinite number of parameters 
and involving arbitrary functions. For simplicity, in this work we shall apply 
only the first parametric method in order to generate other nonholonomi- 
cally deformed vacuum Einstein spaces. The case with off-diagonal metrics 
and two Killing vectors is more special; it will be analyzed in our further 
works. 

2.3 The anholonomic frame method 

We outline the results necessary for elaborating an approach containing 
both the parametric transforms and nonholonomic frame deformations. In 
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details, the anholonomic frame method is reviewed in Refs. [9J Sj, see also 
Appendix to [26J containing proofs of basic theorems and formulas. 

Let us consider a (n + m)-dimensional manifold V enabled with a pre- 
scribed frame structure (|2.4[) when frame transform coefficients depend lin- 
early on values N^(u), 



A*(«) 



A%{u) 



-N^u)e b %u) 
e a ~(u) 

e\(u) Nl{u)e\{u) 







e a a {u) 



(2.25) 
(2.26) 



where i,j, .. = 1, 2, n and a, 6, ... = n + 1, n + 2, ...n + m and u = {u a = 
(x l ,y a )} are local coordinates. The geometric constructions will be adapted 
to a conventional n + m splitting stated by a set of coefficients N = {N?(u)} 
defining a nonlinear connection (N-connection) structure as a nonintergrable 
distribution 

TV =hV®vV (2.27) 

with a conventional horizontal (h) subspace, KV, (with geometric objects 
labelled by "horizontal" indices ..) and vertical (v) subspace uV (with 
geometric objects labelled by indices a,b,..) |f| We shall use "boldfaced" 
symbols in order to emphasize that certain spaces (geometric objects) are 
provided (adapted) with (to) a N-connection structure N. 

The transforms (|2.25[) and (|2.26p define a N-adapted frame (vielbein) 
structure 

e„ = (e; = di- N?(u)d a , e a = d a ) , (2.28) 
and the dual frame (coframe) structure 



dx\e a = dy a + N?(u)dx i ) 



(2.29) 



The vielbeins (|2.29p satisfy the corresponding nonholonomy (equivalently, 
anholonomy) relations of type (|2,5p , 



with (antisymmetric, W 



a/3 



-W7 ) anholonomy coefficients 



d a N° and 



ejiW-ejiN?). 



(2.30) 



(2.31) 



9 For simplicity, in this work, we shall not enter in the details of the formalism of N- 
connections and (pseudo) Riemannian and Riemann-Cartan spaces, and of the so-called 



N-anholonomic manifolds, considered in Refs. 9, 28 , 26] and in the Introduction section of 
Ref. 0]. In an alternative way, for different classes of connections not related to solutions 
of the Einstein equations, the theory of nonholonomic manifolds and (pseudo) Riemannian 
foliations is considered in Ref. 1271. 
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We note that a distribution (I2.27P is integrable, i.e. V is a foliation, if and 
only if the coefficients defined by N = {N?(u)} satisfy the condition Qfj = 0. 
In general, a spacetime with prescribed nonholonomic splitting into h- and 
v-subspaces can be considered as a nonholonomic manifold [9l [271 12H] • 
Let us consider a metric structure on V, 

g = n ( u ) du a ® dvP (2.32) 

defined by coefficients 

" gtj + N?N'h ab N?h ae ' 



ia/3 



Nfh be h ab 



(2.33) 



This metric is generic off-diagonal, i.e. it can not be diagonalized by any 
coordinate transforms if Nf{u) are any general functions!^ We can adapt 
the metric (I2.32D to a N-connection structure N = {N?(u)} induced by the 
off-diagonal coefficients in (|2.33p if we impose that the conditions 

g(e.i, e a ) = 0, equivalently, g. a - N b h ab = 0, (2.34) 

where g. a = g(d/dx l ,d/dy a ), are satisfied for the corresponding local basis 
(|2.28p . In this case = h ab g. a , where h ab is inverse to h ab , and we can write 
the metric g ()2.33p in equivalent form, as a distinguished metric (d-metric) 
adapted to a N-connection structure 1 H 

g = g«/3 (u) c° ® = g tj (u) c l ® d> + h ab (u) c a ® c\ (2.35) 

where = g (ej, ej) and h ab = g (e a , e b ) . The coefficients g af3 and g_ a/3 = 
gafi are related by formulas 

g Q/3 = AfiA/ffgg, (2.36) 



or 

flu = e i ie /% and hob = e a -e b -gah, (2.37) 
where the vielbein transform is given by matrices (|2.25p with ef = 8f and 

a r a 
e a ~ = OaT- 

10 We note that our A^-coefEcients depending nonlinearly on all coordinates u a are not 
those from Kaluza-Klein theories which consist a particular case when Nf = A" b (x k )y b 
with further compactifications on coordinates y b . 

11 We shall call some geometric objects, like tensors, connections,..., to be distinguished 
by a N-connection structure, in brief, d-tensors, d-connection, if they are stated by 
components computed with respect to N-adapted frames (|2.28[) and (|2.29[) . In this case, 
the geometric constructions are elaborated in N-adapted form, i.e. they are adapted to 
the nonholonomic distribution (|2.27p . 
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Any vector field X = (hX, vX) on TV can be written in N-adapted 
form as a d-vector 

X =X a e a = (hX = X l e h vX = X a e a ). (2.38) 

In a similar form we can 'N-adapt' any tensor object and call it to be a 
d-tensor. 

By definition, a d-connection is adapted to the distribution (|2.27|) and 
splits into h- and v-covariant derivatives, D = hD + vD, where hD = 
{D k = ^L' l jk ,Lf k ^} and vD = {D c = (c i jk ,C b( ^j} are correspondingly 
introduced as h- and v-parametrizations of the coefficients 

L) k = (V k e J )\c\ L a bk = (D k e b )]c a , Cj c = (D c e,)Jc\ C a bc = (D c e b )jc«. 

(2.39) 

The components T 7 ^ = (ljj k , L bk , Cj c , C b( ^j , with the coefhcients defined 

with respect to (|2.29[) and (|2.28[) . completely define a d-connection D on a 
N-anholonomic manifold V. 

The simplest way to perform a local covariant calculus by applying d- 
connections is to use N-adapted differential forms and to introduce the d- 
connection 1-form T a ^ = T^c 7 , when the N-adapted components of d- 
connection D a = (e a jD) are computed following formulas 

r^(u) = (D Q e/?)je 7 , (2-40) 

where "J" denotes the interior product. This allows us to define in N— 
adapted form the torsion T = {T a } (|2.6p . 

T Q = Dc Q = dc a + T a /3 Ae a , (2.41) 

and curvature R = {K a p } $T7\\ . 

K a p = Dr| = dT| - r 7 ^ A T\ (2.42) 

The coefficients of torsion T (|2.41f) of a d-connection D (in brief, d- 
torsion) are computed with respect to N-adapted frames (|2.29j) and (j2.28jl . 

rpi ji ji rpi rpi rpa r\a 

jk jk kji ja — 1 aj ^ jai 1 ji 5i jii 

8N a 

rpa _ rpa % j a rpa r^a r-^a /r) aq\ 

1 bi — 1 ib — -Qyb ~ ^ bii 1 be — ° be - ° cfe) 

where, for instance, T % - k and T a bc are respectively the coefficients of the 
/i(/i/i)-torsion hT(hX,hY) and v(t;i))-torsion vT{ vX, vY). In a similar 
form, we can compute the coefficients of a curvature R, d-curvatures (see 
Appendix for the formulas for coefficients, proved in Refs. [HIE])- 

There is a preferred, canonical d-connection structure, D, on a N- 
anholonomic manifold V constructed only from the metric and N-connection 
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coefficients [gij, h ab , iV*] and satisfying the conditions Dg = and T l - k = 
and T a bc = 0. It should be noted that, in general, the components T i j a , T a ^ 

and T"L are not zero. This is an anholonomic frame (equivalently, off- 
diagonal metric) effect. Hereafter, we consider only geometric constructions 
with the canonical d-connection which allow, for simplicity, to omit "hats" 
on d-objects@ We can verify by straightforward calculations that the linear 
connection T 7 a ^ = \Lj k , L bk , Cj c , C^Q with the coefficients defined 

D e fc (ej) = L) k e h D efc (e 6 ) = Lg fc e a , D^e,-) = C)^, B £c (e b ) = C^ c e a , 

(2.44) 

where 

Ljk = 7^g tr {^k9jr + ejgkr - e r g jk ) , 

L a bk = e b (N^) + h ac {e k h bc -h dc e b Ni-h db e c N^, (2.45) 
C jc = ^9 ik e c 9jk, CSe = \ had (e c h bd + e c h cd - e d h bc ) , 

uniquely solve the conditions stated for the canonical d-connection. 

The Levi-Civita linear connection y = { iTg }, uniquely defined by the 
conditions V T = and \/g = 0, is not adapted to the distribution (I2.27p . 
Let us parametrize its coefficients in the form 

|F/3 7 = ( \L) k -, iL°j k , t Ll k , t L bk , |Cj 6 , ,Cj b , |C^ C , ,(7^,) , (2-46) 

where with respect to N-adapted bases (I2.29P and f|2.28|> 

Ve k (ej) = \L)k e i+ \L a jk e a, Ve k {e b ) = ,L bk ei + ,L bk e a , 

A straightforward calculus^ shows that the coefficients of the Levi-Civita 

12 The preference to the canonical d — connection is motivated also by the fact that it 
is possible to solve the vacuum Einstein equations for very general ansatz for metric and 
N-connection structure just for this linear connection. Usually, we can restrict the integral 
varieties in order to generate solutions satisfying the conditions (|2.12|l . i.e. to construct 
generic off-diagonal solutions in general relativity . 

13 Such results were originally considered by R. Miron and M. Anastasiei for vector 
bundles provided with N-connection and metric structures, see Ref. |29| . Similar proofs 
hold true for any nonholonomic manifold with prescribed N-connection. 
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connection can be expressed in the form 

^jk = L'jki \Ljk = ~Cjb9ikh ab - -jP^jk, (2.47) 

Ak = \^%h ch ^- l -{5)5 h k -g jk g lh )Ci b , 

^Kk = Lt k + ±(8 a c 8 b d + h cd h ab )[Li k -e b (NZ)], 

£l = Cl b + ^h cbg ^ + ^5 h k - gjk g lh )Cl b , 

C% = -\{5 a c 5 d b -h cb h ad )[L d] -e d {N^)], C a bc = CZ c) 

C ab = -^-{[L c aj -e a (NC)]h cb +[L c bj -e b (N?)]h ca }, 

where f2" fc are computed as in the second formula in (j2.31|) . 

For our purposes, it is important to state the conditions when both the 
Levi-Civita connection and the canonical d-connection (being of different 
geometric nature) may be defined by the same set of coefficients with respect 
to a fixed frame of reference. Following formulas (|2.45j) and (|2.47j) . we obtain 
the component equality ,r^ 7 = T 7 a/3 if 

n c jk = (2.48) 

(there are satisfied the integrability conditions and our manifold admits a 
foliation structure), 

n b = Cl b = (2.49) 

and 

L c a j ~ ta(Nf) = (2-50) 
which, following the second formula in (I2.45p . is equivalent to 

e k h bc - h dc e b N% - h db e c N d = 0. (2.51) 

We conclude this section with the remark that if the conditions (12.480 . 
(121E91) and (12311 hold true for the metric (pT32j) . equivalently (ET35]) . the 
torsion coefficients (12.430 vanish. This results in respective equalities of the 
coefficients of the Riemann, Ricci and Einstein tensors (the conditions (|2.12p 
being satisfied) for two different linear connections. 

2.4 Off— diagonal exact solutions 

We consider a five dimensional (5D) manifold V of necessary smooth 
class and conventional splitting of dimensions dimV = n + m for n = 3 
and m = 2. The local coordinates are labelled in the form u a = (x' l ,y a ) = 
(x^x*,?/ 4 = v,y 5 ), for i = 1,2,3 and i = 2, 3 and a, 6, ... = 4,5. For our 
further purposes, we can consider that any coordinates from a set u a can be 
of (3D) space, time, or extra dimension (5th coordinate) type. 
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2.4.1 A five dimensional off diagonal ansatz 

The ansatz of type (I2.35P is parametrized in the form 

g = gidx 1 (g) dx 1 + g2{x 2 , x 3 )dx 2 ® dx 2 + g% (x 2 , x 3 ) dx 3 (8> dx 3 
+h^(^x k ,vj 5v <3 5v + h 5 (x k , vj 5y®5y, 

Sv = dv + Wi (x k ,vj dx\ 5y = dy + hr*, dx 1 (2.52) 

with the coefficients defined by some necessary smooth class functions of 
type 

9i = ±1,52,3 = 92,?,{x 2 , x 3 ), /i 4 ,5 = hi >5 (x l ,v), 
Wi = Wi(x l ,v),ni = rii(x\v). 

The off-diagonal terms of this metric, written with respect to the coordi- 
nate dual frame du a = (dx t ,dy a ), can be redefined to state a N-connection 
structure N = [Nf = wi{x k ,v),Nf = rii(x k , v)] with a N-elongated co-frame 
(|2.29p parametrized as 

c 1 = dx 1 , <? = dx 2 , c 3 = dx 3 , 

c 4 = 5v = dv + Widx 1 , c 5 = 5y = dy + riidx 1 . (2.53) 

This funfbein is dual to the local basis 

9 ( k \ & / k \ d d d 

ei = —-r -Wi[x ,v rii[x ,v) ^-r,e 4 = ^-,e 5 = (2.54) 

ox 1 V / ov V / oy° ov oy° 

We emphasize that the metric H2.52H does not depend on variable y 5 , i.e. it 
possesses a Killing vector e$ = d/dy 5 , and distinguish the dependence on 
the so-called "anisotropic" variable y 4 = v. 

Computing the components of the Ricci and Einstein tensors for the 
metric (I2.52D (see main formulas in Appendix and details on tensors com- 
ponents' calculus in Refs. |26} [3]), one proves that the Einstein equations 
(|A.7|) for a diagonal with respect to (|2.53|) and (|2.54|) . source 

= [T\ = T 2 + T i ,T 2 = T 2 {x 2 ,x 3 ,v),T 3 = T 2 {x 2 ,x 3 ,v), 
X 4 = T 4 (x 2 ,x 3 ),T 5 5 = T 4 (x 2 ,x 3 )} (2.55) 
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transform into this system of partial differential equations: 



o2 t?3 1 \ 9*9* (ff*) 2 

+ f^ + ^-^] = -T 4 (x 2 ,x 3 ) (2.56) 



o4 _ q5 
°4 — °5 



1 



2/14/15 . 



^ lny^s] =-T 2 (x 2 ,x 3 ,^){2.57) 



R 4i = - Wi JL-^L = 0, (2.58) 
^5i = -^K*+7<] = 0, (2.59) 
where, for /i| 5 7^ 0, 

a, = hlM, /3 = hl<l>*, 7 = -i--i, (2.60) 

z/J-5 AI4 

= l n |— (2.61) 
VI "4/15 1 

when the necessary partial derivatives are written in the form a* = da/ dx 2 , 
a' = da/dx 3 , a* = da/dv. In the vacuum case, we must consider Y24 = 0. 
We note that we use a source of type f)2.55j) in order to show that the 
anholonomic frame method can be applied also for non-vacuum configura- 
tions, for instance, when T2 = A2 = const and T4 = A4 = const, defining 
locally anisotropic configurations generated by an anisotropic cosmological 
constant, which in its turn, can be induced by certain ansatz for the so- 
called .ff-field (absolutely antisymmetric third rank tensor field) in string 
theory (9j EJ [26] , see formulas (|A,10j) and (lA.llh and related explanations 
in Appendix. Here we note that the off-diagonal gravitational interactions 
can model locally anisotropic configurations even if A2 = A4, or both values 
vanish. 

Summarizing the results for an ansatz (|2.33p with arbitrary signatures 
e« = (ei, £2; ^3) £4, £5) (where e a = ±1) and h% 7^ and /15 7^ 0, one proves 
[26l E] that any off-diagonal metric 

°g = ei dx 1 ® dx 1 + e 2 g2(x l ) dx 2 <g> dx 2 + e 3 # 3 (x*) dx 3 ® dx 3 + e^h^x 1 ) 
[f* {x\v)] 2 \q (x\ v)\5v®6v + e 5 [/ (*>) - f (x 1 )] 2 5y 5 ® 5y 5 
Sv = dv + w k [x\v) dx k , 5y 5 = dy 5 + n k [x\v] dx k , (2.62) 

with the coefficients being of necessary smooth class and the indices with 
"hat" running the values = 2,3, where g-^ [x l j is a solution of the 
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2D equation (|2.56|) for a given source T4 [x l j , 

, (x\v) = m [x 1 ) - ^hltf) [ T 2 (x % ,v)f* (x\v) [f (*» - /„(**)] dv, 



(2.63) 

and the N-connection coefficients Nf = Wi(x k ,v) and Nf = rii(x k ,v) are 
computed following the formulas 

dis(x k ,v) 

<r [x K , v) 

and 

n k = n k[1] (x*) + n m (V) I ^ f ^ '^j c u) d«, (2.65) 

define an exact solution of the system of Einstein equations (I2.56p - (|2.59p , 
It should be emphasized that such solutions depend on arbitrary nontrivial 
functions f (x\v) (with /* / 0), f (x l ), h^x 1 ), <r [0] (x l ) , n k[1] (x l ) and 

n k[2] > anc i sources T2(rc^, v ), T4 ^x*^ . Such values for the corresponding 
signatures e a = ±1 have to be defined by certain boundary conditions and 
physical considerations 

The ansatz of type (|2.52p with h^ = but h§ 7^ (or, inversely, h\ 7^ 
but /ig = 0) consist of more special cases and request a bit different method 
of constructing exact solutions. Nevertheless, such type solutions are also 
generic off-diagonal and they may be of substantial interest (the length of 
paper does not allow to include an analysis of such particular cases). 



2.4.2 Four and five dimensional foliations and the Einstein spaces 

The method of constructing 5D solutions with nontrivial torsion induced 
by anholonomy coefficients can be restricted to generate 4D nonholonomic 
configurations and generic off-diagonal solutions in general relativity. In 
order to consider reductions 5D — > AD for the ansatz (|2.52p we can elim- 
inate from the formulas the variable x l and to consider a 4D space V 

14 Our classes of solutions depending on integration functions are more general than 
those for diagonal ansatz depending, for instance, on one radial like variable like in the 
case of the Schwarzschild solution (when the Einstein equations are reduced to an effective 
nonlinear ordinary differential equation, ODE). In the case of ODE, the integral varieties 
depend on integration constants which can be defined from certain boundary/ asymptotic 
and symmetry conditions, for instance, from the constraint that far away from the horizon 
the Schwarzschild metric contains corrections from the Newton potential. Because our 
ansatz (|2.52p results in a system of nonlinear partial differential equations (|2.56K|2.59|I . 
the solutions depend not on integration constants, but on very general classes of integration 
functions. A similar situation is considered in the Geroch method but those solutions are 
also parametrized by sets of parameters not treated as local coordinates. 
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(parametrized by local coordinates {x 2 , x 3 , v, y 5 )) trivially embedded into a 
5D spacetime V (parametrized by local coordinates (x 1 , x 2 , x 3 , v , y 5 ) with 
#11 = ±1, yis = 0, 3 = 2, 3, 4, 5). In this case, there are possible 4D confor- 
mal and anholonomic transforms depending only on variables (x 2 ,x 3 ,w) of 
a 4D metric g s ^ {x 2 , x 3 , v) of arbitrary signature. To emphasize that some 
coordinates are stated just for a 4D space we might use "hats" on the Greek 
indices, a,/3, ... and on the Latin indices from the middle of the alphabet, 
... = 2, 3, when the local coordinates on V 4 are parametrized in the form 
u a = (^x t ,y a ^j = (x 2 ,x 3 ,y 4 = v,y 5 ) , for a,b,... = 4,5. The 4D off-diagonal 
ansatz 

g = g 2 dx 2 <g> dx 2 + g 3 dx 3 (g> dx 3 + h 4 Sv (g> 5v + J15 5y 5 <g> 5y 5 , (2.66) 
is written with respect to the anholonomic co-frame (dx 1 , Sv , Sy 5 ^j , where 

Sv = dv + vr-dx 1 and Sy 5 = dy 5 + nqdx 1 (2.67) 

is the dual of (<5j, 84, 9s) , where 

S- = d> + w 1 d4 + n 7 d 5 , (2.68) 

and the coefficients are necessary smoothly class functions of type: 

9J = (fj{x k ),h A £ = h 4 £(x k ,v), 

nr. = w.(x k ,v),r}q = nq(x k ,v); i, k = 2,3. 

In the 4D case, a source of type (|2.55|) should be considered without the 
component Tj in the form 

T| = diag[T 2 = T 3 = T 2 (x k ,v), T 4 = T| = T 4 (x*)]. (2.69) 

The Einstein equations with source (|2.69l) for the canonical d-connection 
(|2.45p defined by the ansatz (|2.66[) transform into a system of nonlinear 
partial differential equations very similar to (|2.56p ~ (l2.59p . The difference 
for the 4D equations is that the coordinate x 1 is not contained into the 
equations and that the indices of type .. = 1, 2, 3 must be changed into 
the corresponding indices i,j, .. = 2, 3. The generated classes of 4D solutions 
are defined almost by the same formulas (|2.62p . (|2.64p and (|2.65|) . 

Now we describe how the coefficients of an ansatz (I2.66P defining an 
exact vacuum solution for a canonical d-connecton can be constrained to 
generate a vacuum solution in Einstein gravity: 

We start with the conditions (|2.5ip written (for our ansatz) in the form 

~ wtK - 2wZh 4 = 0, (2.70) 
dx k k k 

f)h 

* wrht = 0, (2.71) 



dx k 



n*~h 5 = 0. (2.72) 
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These equations for nontrivial values of wj: and constructed for some 
defined values of /14 and /15 must be compatible with the equations (|2.5T|) — 
()2.59p for T2 = 0. One can be taken nonzero values for in (|2.58p if and 
only if oq = because the the equation (|2.57p imposes the condition (3 = 0. 
This is possible, for the sourceless case and /15 7^ 0, if and only if 



In 



h\j \/\hih^\ = const, (2.73) 



see formula (|2.6ip . A very general class of solutions of equations (|2.70p . 
(I2.7ip and (I2.73P can be represented in the form 

h 4 = e 4 h 2 (b*) 2 ,h 5 = e 5 (b + b ) 2 , (2.74) 

9(b + b ) 

w k = ( b ) - > 
ox K 

where ho = const and b = b(x k ,v) is any function for which b* 7^ and 
bo = bo(x k ) is an arbitrary integration function. 

The next step is to satisfy the integrability conditions (I2.48P defining a fo- 
liated spacetimes provided with metric and N-connection and d-connection 
structures [261 El El EE] (we note that (pseudo) Riemannian foliations are 
considered in a different manner in Ref. [27] ) for the so-called Schouten - 
Van Kampen and Vranceanu connections not subjected to the condition to 
generate Einstein spaces). It is very easy to show that there are nontrivial 
solutions of the constraints (I2.48P which for the ansatz (|2.66j) are written in 
the form 

w' 2 — w° + W3W2 — W2W3 = 0, (2-75) 
n 2 ~ n * + w 3 n 2 ~ w 2n% = 0. 

We solve these equations for n 2 = n% = if we take any two functions 
n 2,s{x k ) satisfying 

n' 2 - n% = (2.76) 

(it is possible for a particular class of integration functions in (I2.65|) when 

n k[2] = an< ^ n k[i] ( :r *) are cons f ra i n t to satisfy just the conditions 

(|2.76p ). Then we can consider any b(x k ,v) for which w-^ = {b*) 1 b\{b + 60) 
solve the equation (|2.75p . In a more particular case, one can be constructed 
solutions for any b(x 3 ,v),b* 7^ 0, and n 2 = and 723 = n^,{x^,v) (or, in- 
versely, for any n 2 = n 2 (x 2 ,v) and 713 = 0). Here one should be also noted 
that the conditions (|2.49p are solved in straightforward form by the ansatz 

We conclude that for any sets of h 4 (x k , v), hs(x k , v ), w?(x k ,v), n 2 ^(x k ) 
respectively generated by functions b(x k ,v) and (x 1 *) , see (|2.74j) . and 
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satisfying (I2.76p . the generic off-diagonal metric (|2.66|) possesses the same 
coefficients both for the Levi-Civita and canonical d-connection being sat- 
isfied the conditions (12.121) of equality of the Einstein tensors. Here we note 
that any 2D metric can be written in a conformally flat form, i. e. we can 
chose such local coordinates when 

g 2 (dx 2 ) 2 + g 3 (dx 3 ) 2 = \e^{dx 2 ) 2 + e^dx 3 ) 2 ] , (2.77) 

for signatures et = dbl, in (|2.66[) . 

Summarizing the results of this section, we can write down the generic 
off-diagonal metric (it is a 4D dimensional reduction of (|2.62p ) 

o g = e <KxV 3 ) [ e2 dx 2 g, dx 2 + £3 dx 3 g, dx 3j + ^2 (2 _ ?8) 

[b* [x\ v)] 2 Sv <g> Sv + e 5 [b (x 2 ,x 3 , v) - b (x 2 ,x 3 )] 2 Sy 5 <g> 5y 5 , 
(5u = + 102 (x 2 , , v) dx 2 + u>3 (x 2 , x 3 , u) <ix 3 , 
Sy 5 = dy 5 + n 2 (x 2 , x 3 ) dx 2 + n 3 (x 2 , x 3 ) dx 3 , 

defining vacuum exact solutions in general relativity if the coefficients are 
restricted to solve the equations 

e 2 ^" + e 3 / = 0, (2.79) 

w 2 ~ w 3 + W 3 W 2 - ^2^3 = °> 

n' 2 - n* = 0, 

for W2 = (b*) 1 (b + 6o)* and tt>3 = (b*)~ (b + &o)'> where, for instance, 
n° = 82ns and n' 2 = d 3 U2- 

We can generalize (|2.78p similarly to ()2.62p in order to generate solutions 
for nontrivial sources (|2.69p . In general, they will contain nontrivial anholo- 
nomically induced torsions. Such configurations may be restricted to the 
case of Levi-Civita connection by solving the constraints (j2.70fl — (|2.72H in or- 
der to be compatible with the equations (|2.57|) and (|2.58|) for the coefficients 



cq and (3 computed for 7^ and In h\j \J\h^h^\ = <p(x' 2 , x A , v) 7^ const, 

see formula (I2.6ip . resulting in more general conditions than (|2.73|) and 
(|2.74|) . Roughly speaking, all such coefficients are generated by any /14 (or 

defined from (|2.58j) for prescribed values /15 (or ^,5) and T2(x k ,v). The 
existence of a nontrivial matter source of type (|2.69p does not change the 
condition n* = 0, see (|2.72p . necessary for extracting torsionless configura- 
tions. This mean that we have to consider only trivial solutions of (|2.59p 
when two functions = n^(x 2 ,x 3 ) are subjected to the condition (|2.75p . 
We conclude that this class of exact solutions of the Einstein equations with 
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nontrivial sources (I2.69p . in general relativity, is denned by the ansatz 

o g = e </>(*V 3 ) [ f2 dx 2 g, dx 2 + £s dx 3 g dx 3j + (2 _ 80) 

/i 4 (x 2 , j; 3 ,t>) (5t>(g)5i; + /i 5 (x 2 ,x 3 ,f) 5y 5 ®5y 5 , 
5v = dv + W2 (x 2 ,x 3 ,v) dx 2 + W3 (x 2 , x 3 ,v) dx 3 , 
5y 5 = dy 5 + n 2 (x 2 , x 3 ) dx 2 + n 3 (x 2 , x 3 ) dx 3 , 

where the coefficients are restricted to satisfy the conditions 

e 2 ip" + e 3 Tp" = T 4 , 

K4>/h 4 h 5 = T 2 , (2.81) 

w 2 ~ w 3 + W 3 W 2 ~ W2W3 = 0, 
n 2- n 3 = °) 

for = dref> /(/>*, see (j2~6T]l . being compatible with (pTT0|) and (HTTP , for 
given sources T4(x fc ) and Y2(x fc ,t>). We note that the second equation in 
(I23TD relates two functions h A and h 5 . In references EJ Efl El 13 El ESI , 
we investigated a number of configurations with nontrivial two and three 
dimensional solitons, reductions to the Riccati or Abbel equation, defining 
off-diagonal deformations of the black hole, wormhole or Taub NUT space- 
times. Those solutions where constructed to be with trivial or nontrivial 
torsions but if the coefficients of the ansatz (|2.80p are restricted to satisfy 
the conditions (|2.8ip in a compatible form with (|2.70p and (|2.7ip . for sure, 
such metrics will solve the Einstein equations for the Levi-Civita connection. 

Finally, we emphasize that the ansatz (|2.80p defines Einstein spaces with 
a cosmological constant A if we put T2 = T4 = A in (I2.81|) . 

3 Anholonomic Transforms and Killing Spaceti- 
mes 

Anholonomic deformations can be defined for any primary metric and 
vielbein structures on a spacetime V (as a matter of principle, the primary 
metric can be not a solution of the gravitational field equations). Such de- 
formations always result in a target spacetime possessing one Killing vector 
symmetry if the last one is constrained to satisfy the Einstein equations 
for the canonical d-connection, or for the Levi-Civita connection. For such 
target spacetimes, we can always apply the parametric transform and gener- 
ate a set of generic off-diagonal solutions labelled by a parameter 9 (|2.16p . 
There are possible constructions when the anholonomic frame transforms 
are applied to a family of metrics generated by the Geroch method as new 
exact solutions of the vacuum Einstein equations, but such primary met- 
rics have to be parametrized by certain type ansatz admitting anholonomic 
transforms to other classes of exact solutions. 
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3.1 Nonholonomic deformations of metrics 

Let us consider a (n + m)-dimensional manifold (spacetime) V, n > 
2, m > 1, enabled with a metric structure g = g ®n h distinguished in the 
form 

g = gi(u)(dx l ) 2 + h a (u)(c a ) 2 , (3.1) 
c a = dy a + N?{u)dx i . 

The local coordinates are parametrized u = (x,y) = {u a = (x l ,y a )}, for 
the indices of type i,j,k,... = 1,2, ...,n (in brief, horizontal, or h-indices/ 
components) and a, b, c, ... = n + 1, n + 2, ...n + m (vertical, or v-indices/ 
components). We suppose that, in general, the metric (|3.ip is not a solution 
of the Einstein equations but can be nonholonomically deformed in order 
to generate exact solutions. The coefficients N,?(u) from (|3.ip state a con- 
ventional (n + m)-splitting ©^y in any point u E V and define a class of 
'N-adapted' local bases 

and local dual bases (co-frames) c = (c, c), when 

c° = (V = dx\ c b = dy b + N b (u) dx" 1 ) , (3.3) 

for cj e l. i.e. e Q J = 5a, where the inner product is denoted by 'J' 
and the Kronecker symbol is written 5&. The vielbeins (|3.2|) satisfy the 
nonholonomy (equivalently, anholonomy) relations 

e a e p - ep&a = w^e 7 (3.4) 

with nontrivial anholonomy coefficients 

= -Vf^ty = (3-5) 
wL = -™ b ai = e a (N^). 

A metric g = g (Bn h parametrized in the form 

g = gi(u)(j) 2 + g a (u)(c a ), (3.6) 
c a = dy a + N?(u)dx i 

is a nonhlonomic transform (deformation), preserving the (n + m)— splitting, 
of the metric, g = g ©^y h if the coefficients of (|3.ip and (|3,6p are related 
by formulas 

9i = m(u) gu h a = r] a {u) h a and iV? = r]f(u)N?, (3.7) 
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where the summation rule is not considered for the indices of gravitational 
'polarizations' r/ a = (rji,r] a ) and r]f in (|3.7p . For nontrivial values of rjf(u), 
the nonholonomic frames (j3.2[) and (|3.3I) transform correspondingly into 



d a d d \ 



and 



(3.8) 



(3.9) 



c a = (e> = dx\c a = dy a + N?(u) dx % ) 

with the anholonomy coefficients defined by Nf (I2.31|) . 

We emphasize that in order to generate exact solutions, the gravitational 
'polarizations' r] a = (r]i,rj a ) and rjf in (|3.7|) are not arbitrary functions but 
restricted in such a form that the values 



± 1 

2 _3\ 



(3.10) 



g 2 (x ,x 
h±(x l ,v) 
Wi(x\v) 



m (u a ) 5i(n Q ), 

m{u a ) 92(u a ), 93(x 2 ,x 3 ) = m {u a ) g 3 (u a ), 
m (u a ) h 4 (u a ), h 5 (x\v)= m (u a ) h 5 (u a ), 
V t(u a )N?(u a ), n i (x i ,v) = r}f(u<*)N?(u<*), 

define an ansatz of type (|2.62[) . or (|2.78p (for vacuum configurations) and 
(|2.80p for nontrivial matter sources T2(x 2 , x 3 ,v) and T4(x 2 ,x 3 ). 
Any nonholonomic deformation 

g = 3% h — > g = g®Nh 
can be described by two vielbein matrices of type (|2.25p . 



(3.11) 







8a- 



generating the d-metric g a p = Aa-A^-g^g, see formula (I2.36p . and 

. I I Tl 



1]a\0 a - 




(3.12) 



(3.13) 



generating the d-metric g 0j g = Aq-A^-^ (|3.10j) . 

If the metric and N-connection coefficients (|3.7p are stated to be those 
from an ansatz (I2.62|) (or (I2.78P ). we should write °g = g ®n h (or °g = 
g ©at h) and say that the metric g = g ®n h (|3.ip was nonholonomically 
deformed in order to generate an exact solution of the Einstein equations 
for the canonical d-connection (or in a restricted case, for the Levi-Civita 
connection). In general, such metrics have very different geometrical and 
(if existing) physical properties. Nevertheless, at least for some classes of 
'small' nonsingular nonholonomic deformations, it is possible to preserve a 
similar physical interpretation by introducing small polarizations of metric 
coefficients and deformations of existing horizons, not changing the singular 
structure of curvature tensors. We shall construct explicit examples and 
discuss the details in Section 4. 
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3.2 Superpositions of the parametric transforms and anholo- 
nomic deformations 

As a matter of principle, any first type parametric transform can be 
represented as a generalized anholonomic frame transform labelled by an 
additional parameter. It should be also noted that there are two possibilities 
to define superpositions of the parametic transforms and anholonomic frame 
deformations both resulting in new classes of exact solutions of the vacuum 
Einstein equations. In the first case, we start with a parametric transform 
and, in the second case, the anholonomic deformations are considered from 
the beginning. The aim of this section is to examine such possibilities. 



3.2.1 The parametric transforms as generalized anholonomic de- 
formations 

We note that any metric °g a p defining an exact solution of the vac- 
uum Einstein equations can be represented in the form (|3.ip . Then, any 
metric °g a /3(@) (|2.16|) from a family of new solutions generated by the first 
type parametric transform can be written as (13. 6p and related via certain 
polarization functions of type (|3.7p . in the parametric case depending on 
parameter 9, i.e. f] a {9) = (in(9), rj a (9)) and rjf(9). Roughly speaking, 
the parametric transform can be represented as a generalized class of an- 
holonomic frame transforms additionally parametrized by 9 and adapted 
to preserve the [n + m)-splitting structure^! The corresponding vielbein 
transforms (|2.2ip and (|2.23p are parametrized, respectively, by matrices of 
type (I3.12|) and A3. 13H . also "labelled" by 9. Such nonholonomic parametric 
deformations 



are defined by the vielbein matrices, 



generating the d-metric 
A« a (M) = 







(3.14) 



(3.15) 



a/3 



°A<f °A/ °g^ and 







\/\f]a{u,9)\5 a - 
L / °9aj3- Using 

and (I3.16p . we can compute the matrix of parametric transforms 



(3.16) 



generating the d-metric °g a/ 3(#) = A a -A^- °ggj3- Using the matrices (|3.15p 



Ba 
a 



A a o * a 

A a i A a ' 



(3.17) 



15 It should be emphasized that such constructions are not trivial, for usual coordinate 
transforms, if at least one of the primary or target metrics is generic off-diagonal. 
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like in (j2.24jl . but for "boldfaced' objects, where , A a Q ' is inverse to , A a 7, 
and define the target set of metrics in the form 

°g a p = B a Q '(u,9) B/'(u,0) °g Q ^. (3.18) 

At first site, there are two substantial differences from the case of usual 
anholonomic frame transforms (|3.1ip and the case of parametric deforma- 
tions (|3.14p . The first one is that the metric g was not constrained to be 
an exact solution of the Einstein equations like it was required for °g. The 
second one is that even g can be restricted to be an exact vacuum solution, 
generated by a special type of deformations (|3.10p . in order to get an ansatz 
of type (|2.78p . an arbitrary metric from a family of solutions °g a /3(#) will 
not be parametrized in a form that the coefficients will satisfy the conditions 
(|2.79p . Nevertheless, even in such cases, we can consider additional nonholo- 
nomic frame transforms when g is transformed into an exact solution and 
any particular metric from the set { °g Q/ g(^)} will be deformed into an exact 
solution defined by an ansatz (I2.78P with additional dependence on 9. 

The first result of this section is that, by superpositions of nonholonomic 
deformations, we can always parametrize a solution formally constructed fol- 
lowing the Geroch method (from a primary solution depending on variables 
x 2 ,x 3 ) in the form 

°g(0) = e i>(* 2 ^> e ) [ C2 dx 2 ® dx 2 + e 3 dx 3 <g> dx 3 ] + e 4 h 2 (3.19) 

[b* (x\v, 6)] 2 5v®5v + e 5 [b (x 2 , x 3 , v, 9) - b (x 2 ,x 3 , 9)} 2 5y 5 <g> 5y 5 , 
Sv = dv + w 2 (x 2 , x 3 ,v, 9) dx 2 + w 3 (x 2 , x 3 , v, 9) dx 3 , 
5y 5 = dy 5 + n 2 (x 2 , x 3 ,9) dx 2 + n 3 (x 2 ,x 3 , 9) dx 3 , 

with the coefficients restricted to solve the equations (|2.79|) but depending 
additionally on parameter 9, 

e 2 ^"(0) + e 3 V>) = 0, (3.20) 
w' 2 (9)-wl(9) + w 3 w* 2 (9)-w 2 (9)w* 3 (9) = 0, 

n' 2 (9)-nl(9) = 0, 

for w 2 (8) = (ft^r 1 (b(e)+bo(0)y andw 3 = (b*(8)y 1 (b(9)+b (9))' , where, 
for instance, n'(9) = d 2 n 3 {9) and n 2 = d 3 n 2 {9). 

The second result of this section is that if even, in general, any primary 
solution °g can not be parametrized as an ansatz (|2.78|) . it is possible to 
define nonholonomic deformations to such a generic off-diagonal ansatz °g 
or any g, defined by an ansatz (|3.ip . which in its turn can be transformed 
into a metric of type (|3.19|) without dependence on flf^l 



16 we use a "boldface" symbol because in this case the constructions are adapted to a 
(n + m)-splitting 

17 in our formulas we shall not point dependencies on coordinate variables if that will 
not result in ambiguities 
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Finally, we emphasize that in spite of the fact that both the paramet- 
ric and anholonomic frame transforms can be parametrized in very similar 
forms by using vielbein transforms there is a criteria distinguishing them 
one from another: For a "pure" parametric transform, the matrix B a a (it, 9) 
and related A Q - and , A Q a are generated by a solution of the Geroch equa- 
tions (I2,19|) , If the "pure" nonholonomic deformations, or their superpo- 
sition with a parametric transform, are introduced into consideration, the 
matrix Acr(it) (|3.13j) . or its generalization to a matrix A a — (13.161) . can be 
not derived only from solutions of (|2.19p . Such transforms define certain, 
in general, nonintegrable distributions related to new classes of Einstein 
equations. 



3.2.2 



Parametric transforms of anholonomically generated solu- 
tions and two parameter transforms 



First, let us consider an exact vacuum solution °g (|2.78p in Einstein 
gravity generated following the anholonomic frame method. Even through 
it is generic off-diagonal and depends on various types of integration func- 
tions and constants, it is obvious that it possesses at least a Killing vector 
symmetry because the metric does not depend on variable y 5 . We can apply 
the first type parametric transform to a metric generated by anholonomic 
deforms (13.111) . If we work in a coordinate base with the coefficients of °g 



defined in the form °g 



■a/3 



we generate a set of exact solutions 



(3.21) 



see (|2.16p . were the transforms (|2.24p . labelled by a parameter 9', are not 
adapted to a nonholonomic (n + m)-splitting. We can elaborate N-adapted 
constructions starting with an exact solution parametrized in the form ()3.6j) , 

for instance, like °g a '/3' = A^A^yi^g > with A Q - being of type (|3.13|) with 
coefficients satisfying the conditions (13.101) . The target 'boldface' solutions 
are generated as transforms 

' ?') Bf(9') far, 



where 



A - °A a 



(3.22) 



(3.23) 



like in (j2.24j) . but for "boldfaced' objects, the matrix , A Q a is inverse to 



and the matric is considered 



V\VaVa(0')\6a- 



(3.24) 



(3.25) 
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where miu, 9'), rj n .(u, 0') and rjf(u,9') are gravitational polarizations of type 
(|3.7p l 18 l Here it should be emphasized that even °g Q!( g(0') are exact solutions 
of the vacuum Einstein equations they can not be represented by ansatz of 
type (|3.19p . with 9 — > 9', because the mentioned polarizations were not 
constrained to be of type (|3.10p and satisfy any conditions of type (|3.20p 3 
Now, we prove that by using superpositions of nonholonomic and para- 
metric transforms we can generate two parameter families of solutions. This 
is possible, for instance, if the metric °g a '/3' form (I3.22p . in its turn, was 
generated as an ansatz of type (|3.19p from another exact solution °g a "/3"- 
We write 

°g a ^ (9) = Bf (u, 9) B/' (u, 9) °g a ^, (3.26) 
and define the superposition of transforms 

°g a p(9',9) = B a a '(9') Bf(9') Bf(9) B/>) fay. (3.27) 

It can be considered an iteration procedure of nonholonomic parametric 
transforms of type (|3.27p when an exact vacuum solution of the Einstein 
equations is related via a multi ^-parameters vielbein map with another 
prescribed vacuum solution. Using anholonomic deformations, one intro- 
duces (into chains of such transforms) certain classes of metrics which are 
not exact solutions but nonholonomically deformed from, or to, some exact 
solutions. 

Finally, we briefly discuss the symmetry properties of such anholonomic 
multi ^-parameter solutions of the Einstein equations. In the parameter 
space, they possess symmetries with infinite dimensional parametric group 
structures [U [5] but with respect to anholonomic deforms one can be con- 
sidered various types of prescribed Lie algebroid, solitonic, pp-wave and/or 
nonholonomic noncommutative symmetries [9j[26l[3]. In general, many of 
such way generated solutions do not have obvious physical interpretation. 
Nevertheless, if certain small (non-coordinate) parameters of nonholonomic 
deformations are introduced into consideration, it is possible to prescribe 
various interesting physical situations for a subset of metrics generated by 
maps of type (I3.27p . preserving certain similarities with a primary solution. 
We construct and analyze some examples of such solutions in the next sec- 
tion. 



4 Examples of Off- Diagonal Exact Solutions 

The purpose of this section is to present explicit examples of how su- 
perpositions of nonholonomic deformations and parametric transforms can 

18 we do not summarize on repeating two indices if they both are of lower/ upper type 
19 As a matter of principle, we can deform nonholonomically any solution from the family 
?g a p{0') to an ansatz of type (|3.19[) . 
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be applied in order to generate new classes of solutions and how physically 
valuable configurations can be selected. Some constructions will be per- 
formed for 5D spacetimes with torsion, for instance, related to the so-called 
(antisymmetric) "H-fields" in string gravity but the bulk of them will be 
restricted to define usual 4D Einstein spacetimes with generic off-diagonal 
metrics. 



4.1 Five classes of primary metrics 

We begin with a list of 5D quadratic elements (defined by certain pri- 
mary metrics) which will be used for generating new classes of exact solu- 
tions following superpositions of nonholonomic deformations and parametric 
transforms: 

The fist quadratic element, defined as a particular case of metric (|3.1I) . 

is 

5s 2 {1] = ei d X 2 - - r 2 (£) cM 2 - r 2 (£) sin 2 dp 2 + w 2 {0 dt 2 (4.1) 

where the local coordinates and nontrivial metric coefficients are parametriz- 
ed in the form 

x 1 = x ,x 2 = £,x 3 = #,y 4 = <p,y 5 =t, (4.2) 
gi = ei = ±1, g 2 = -1, h = -r 2 {£), h A = -r 2 (£) sin 2 0, h 5 = w 2 (£), 



for 

1/2 

e = I dr ' 



and w 2 (r) = 1 - ^ + 4- (4-3) 



For the constants e — > and jx being a point mass, the element (|4.ip de- 
fines just a trivial embedding into 5D (with extra dimension coordinate 
x) of the Schwarzschild solution written in spacetime spherical coordinates 

The second quadratic element 
5sf 2] = -r 2 dp 2 - r 2 d¥ + g 3 {0) df 2 + ei d X 2 + h (£, 0) * 2 (4.4) 
where the local coordinates are 

x 1 = ^,x 2 = 0,x 3 =|,y 4 = X ,y 5 =t, (4.5) 

for 

dtf = d&/ sin0, d£ = dr/ry/\l - 2/i/r + e/r 2 |, (4.6) 



20 For simplicity, we consider only the case of vacuum solutions, not analyzing a more 
general possibility when e = e 2 is related to the electric charge for the Reissner-Nordstrom 
metric (see, for example, 19 ). In our further considerations we shall treat e as a small 
parameter, for instance, defining a small deformation of a circle into an ellipse (eccentric- 

ity). 
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and the Schwarzschild radius of a point mass \i is denned r g = 2G^^/c 2 , 
where Gw is the 4D Newton constant and c is the light velocity. The 
nontrivial metric coefficients in (j4.4j) are parametrized 

fa = ~ r g, fa = -rg, fa = -1/ sin 2 ??, (4.7) 
h 4 = ei, h 5 = [l - 2/i/r + e/r 2 ] /r 2 sin 2 tf. 

The quadratic element defined by (|4.4|) and (|4.7|) is a trivial embedding 
into 5D of the Schwarzschild quadratic element multiplied to the conformal 
factor (r sm$/r g ) 2 . We emphasize that this metric is not a solution of the 
Einstein equations but it will be used in order to construct nonholonomic 
deformations and parametric transforms to such solutions. 

We shall use a quadratic element when the time coordinate is considered 
to be "anisotropic", 

5sf 3] = -r 2 dip 2 - r 2 dd 2 + fa{d) d\ 2 + h 4 (£, tf) dt 2 + e x d X 2 (4.8) 

where the local coordinates are 

x i = x 2 = tf, x 3 = e, y 4 = t, y 5 = x, (4.9) 

and the nontrivial metric coefficients are parametrized 

91 = -r 2 g , fa = -r 2 , fa = -l/sin 2 tf, (4.10) 
h 4 = [l-2fi/r + E/r 2 ]/r 2 sm 2 '&,h 5 = e 1 . 

The formulas (|4.8j) and (j4. lOj) are respective reparametrizations of (14. 4p and 
(|4.7p when the forth and fifth coordinates are inverted. Such metrics will 
be used for constructing new classes of exact solutions in 5D with explicit 
dependence on time like coordinate. 

The forth quadratic element is introduced by inverting the forth and 
fifth coordinates in (14. ip (having the same definitions as in that case) 

5s 2 4] = ei d X 2 - di 2 - r 2 (0 d$ 2 + w 2 (0 dt 2 - r 2 (0 sin 2 dp 2 (4.11) 

where the local coordinates and nontrivial metric coefficients are parametriz- 
ed in the form 

x 1 = X,x 2 = £,x 3 = tf,y 4 = i,y 5 = <p, (4.12) 
fa = ei = ±1, fa = -1, fa = -r 2 (0, h = ™ 2 (0, h = ~r 2 (0 sin 2 d. 

Such metrics can be used for constructing exact solutions in 4D gravity with 
anisotropic dependence on time coordinate. 
Finally, we consider 

5s 2 5 i = ei d\ 2 — dx 2 — dy 2 — 2k(x,u,p) dp 2 + dv 2 /8n(x, y,p) (4.13) 
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where the local coordinates are 

x 1 =X, x 2 = x, x 3 =y, y A = p, y 5 = v, (4.14) 

and the nontrivial metric coefficients are parametrized 

gi = ei = ±1, g 2 = -1, h = -1, (4.15) 
h 4 = -2K(x,y,p), h 5 = 1/ 8 n(x,y,p). 

The metric (I4.13P is a trivial embedding into 5D of the vacuum solution of 
the Einstein equation defining pp-waves [30J for any n(x,y,p) solving 

KXX + Kyy = 0, (4.16) 

with p = z + 1 and v = z — t, where (x, y, z) are usual Cartesian coordinates 
and t is the time like coordinates. The simplest explicit examples of such 
solutions are 

k = (x 2 — y 2 ) ship, (4-17) 
defining a plane monochromatic wave, or 

'' 11 for |p| <p ; 



(x 2 + y 2 ) 2 exp [pq — p 2 j 
= 0, for \p\ > po, 

defining a wave packet travelling with unit velocity in the negative z direc- 
tion. 



4.2 Solitonic pp— waves and string torsion 

Pp-wave solutions are intensively exploited for elaborating string mod- 
els with nontrivial backgrounds [HI E21 [33] . A special interest for pp-waves 
in general relativity is the fact that any solution in this theory can be 
approximated by a pp-wave in vicinity of horizons. Such solutions can 
be generalized by introducing nonlinear interactions with solitonic waves 
[34"[ l35[ l36| El [TO] and nonzero sources with nonhomogeneous cosmological 
constant induced by an ansatz for the antisymmetric tensor fields of third 
rank. A very important property of such nonlinear wave solutions is that 
they possess nontrivial limits defining new classes of generic off-diagonal 
vacuum Einstein spacetimes. 

4.2.1 Pp waves and nonholonomic solitonic interactions 

Let us consider the ansatz 

Ss 2 ^ = e l d X 2 - e^ v) {dx 2 + dy 2 ) 

-2K(x,y,p) r] 4 (x,y,p)dp + — -dv 

8K(x,y,p) 

5p = dp + w 2 (x,y,p)dx + w 3 (x,y,p)dy, 

5v = dv + n 2 (x, y,p)dx + 713(0;, y,p)dy (4-18) 
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where the local coordinates are 



X, x 



x, x 3 = y, y A = p, y 5 



and the nontrivial metric coefficients and polarizations are parametrized 



gi = ei = ±1, g 2 = -1, fa = -1, 
h A = -2K(x,y,p), h 5 = 1/ 8K(x,y,p), 

VI = ^,9a = Va9a- 



(4.19) 



For trivial polarizations rj a = 1 and ^2,3 = 0, 712,3 = 0, the metric (14. 181) is 
just the pp-wave solution (|4.13p . 



Exact solitonic pp wave solutions in string gravity: 

Our aim is to define such nontrivial values of polarization functions when 
r]^(x,y,p) is defined by a 3D soliton 4>(x,y,p), for instance, a solution of 



4>" + €{</>' + 60 <j>~ + < 
see formula (jB.lj) in Appendix, and 772 



A 2 



0, e = ±1, (4.20) 
M x >ti is a solution of (l2~56l) . 

(4.21) 



The solitonic deformations of the pp-wave metric will define exact solutions 
in string gravity with //-fields, see in Appendix the equations (|A,10j) and 
(jA.lip for the string torsion ansatz (|A.12|) l 21 l 

Introducing the above stated data for the ansatz ()4.18|) into the equation 
(|2.57p . we get an equation relating Ha = 7/454 and h§ = 775(75. Such solutions 
can be constructed in general form, respectively, following formulas (IB.4P 
and (|B.5p (in this section, we take T2 = A^/2). We obtain 



n(x,y,p) 



h 5 \o](x,y) + 



2X% 



,2<f>(x,y,p) 



and 



-2<f>(x,y,p) 



\V5\ 



(4.22) 



(4.23) 



2n 2 (x,y,p) 

where h 5 ^(x,y) is an integration function. Having defined the coefficients 
h a , we can solve the equations (]2.58p and (|2.59p in a form similar to (|2.64p 
and (|2.65p but expressing the solutions through 774 and 775 defined by pp- 
and solitonic waves as in (|4.23p and (I4.22p . The corresponding solutions are 



w\ = 0,w 2 = (<t>*) 1 d x (p,w 3 = (cp*) 1 d x (j>, 



(4.24) 



21 as a matter of principle we can consider that is a solution of any 3D solitonic, or 
other, nonlinear wave equation. 
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for (j>* = drfi/dp, and 



n\ = 0,n 2 ,3 



mv 5 



3/2 



dp, 



(4.25) 



where n^\(x,y) and n^\{x,y) are integration functions. 

We conclude that the ansatz (|4,18p with the coefficients computed fol- 
lowing the equations and formulas (|PT1) . (117231) . (H7221) . (g~3IJ) and ([2725]) 
define a class of exact solutions (depending on integration functions) of grav- 
itational field equations in string gravity with ff-field. In a more explicit 
form, depending on above stated functions ip 1 k, <j> and 775 and respective 
integration functions, the class of such solutions is parametrized as 



5st 



<ol2] 



Sv 



e 1 d X 2 -e^{dx 2 + dy 2 )+ ^5p 



k- 1 e~ 2 <t> 



dp + 
dv + 



T 1 d x 4> dx + ((j)*)- 1 d y cf> dy, 



IV-, 



+ n\ 



i 1] / k^e 2 * 



+ 



n 3 + n 3 



k~\ 2 ^ 



V5\ 

-1/4 



1/4 



dp > dx 



dp > dy, 




where some constants and multiples depending on x and y included into 
{x,y). It should be noted that such spacetimes possess nontrivial non- 



n 2,3 

holonomically induced torsion (we omit explicit formulas for the nontrivial 
components which can be computed by introducing the coefficients of our 
ansatz into formulas (|2.45|) and (|2.43|) ). This is a very general class of so- 
lutions describing nonlinear interactions of pp-waves and 3D solutions in 
string gravity. The term ei dx 2 can be eliminated in order to describe only 
4D configurations. Nevertheless, in this case, there is not a smooth limit of 
such 4D solutions for )? H — > to those in general relativity. 



Pp waves and solitonic interactions in vacuum Einstein gravity: 

We prove that the anholonomic frame method can be used in a differ- 
ent form in order to define 4D metrics induced by nonlinear pp-waves and 
solitonic interactions for vanishing sources and the Levi-Civita connection. 
We can apply the formulas ([2775]) , ([5773]) . ([3775]) and ([3775]) . for simplicity, 
considering that 60 = and b{x,y,p) being a function generating solitonic 
and pp-wave interactions. For an ansatz of type (|4.18|) . we write 

% = 5nb 2 and 774 = hl(b*) 2 /2 K . (4.27) 

A 3D solitonic solution can be generated if b is subjected to the condition 
to solve a solitonic equation, like eft in (|4.20p . It is not possible to satisfy the 
integrability conditions ([2.751) for any w-^ = (ft*) -1 db/dx k which is necessary 
for the equality of the coefficients of the canonical d-connection to those of 



33 



the Levi-Civita connection o Here we follow a more simple parametrization 
when 

b(x, y,p) = b{x, y)q(p)k(p), (4.28) 

for any b(x, y) and any pp-wave k(x, y,p) = k(x, y)k(p) (we can take b = k), 
where q(p) = 4tan~ 1 (e =tp ) is the solution of "one dimensional" solitonic 
equation 

q**=smq. (4.29) 

In this case, 

w 2 = [(In \qk\Y}- 1 d x In \b\ and w 3 = [(In \qk\Y\~ 1 d y In |6| (4.30) 

positively solve the conditions (|2.75p . The final step in constructing such 
vacuum Einstein solutions is to chose any two functions 712,3 (x,y) satisfying 
the conditions n\ = n| = and n' 2 — n' = (|2.76p . This mean that in the 
integrals of type (|4.25p we shall fix the integration functions rt^ = but 

take such n^^ar, y) satisfying (n^)' — {n^)' = 0. 

We can consider a trivial solution of (|2.56p . i.e. of (|4.2ip with Xh = 0. 
Summarizing the results, we obtain the 4D vacuum metric 

- (dx 2 + dy 2 ) - h 2 b 2 [{qk)*] 2 5p 2 + b 2 (qk) 2 5v 2 , 
dp + [(In [gfcDT 1 9 X In \b\ dx + [(In \qk\Y\~ 1 d y In \b\ dy, 
dv + n [ 2 ] dx + n [ 3 ] dy, (4.31) 

defining nonlinear gravitational interactions of a pp-wave k = kk and a 
soliton q, depending on certain type of integration functions and constants 
stated above. Such vacuum Einstein metrics can be generated in a similar 
form for 3D or 2D solitons but the constructions will be more cumbersome 
and for non-explicit functions, see a number of similar solutions in Refs. 

4.2.2 Parametric transforms and solitonic pp wave solutions 

There are three possibilities: The first is to apply a parametric trans- 
form to a vacuum solution and then to deform it nonholonomically in order 
to generate pp-wave solitonic interactions. In the second case, we can sub- 
ject the solution (|4.3ip to one parameter transforms. Finally, in the third 
case, we can derive two parameter families of nonholonomic soliton pp-wave 
interactions. 

22 If such integrability conditions are not satisfied, the solutions may also exist but they 
can not be constructed in explicit form. 
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First example: nonholonomic solitonic pp waves from parametriz- 
ed families of solutions 

Let us consider the metric 

Ss 2 [5a] = -dx 2 - dy 2 - 2k(x, y) dp 2 + dv 2 /8k(x, y) (4.32) 

which is a particular 4D case of (14.130 when n(x,y,p) — > k(x,y). It is easy to 
show that the nontrivial Ricci components R a p for the Levi-Civita connec- 
tion are proportional to k" + k" and the non-vanishing components of the 

curvature tensor R a p^s are of type R a ui — Ra2b2 — \J (^**) 2 + (k") 2 . So, 
any function k solving the equation k" + k" = but with (k") 2 + (k* 1 ) 2 ^ 
defines a vacuum solution of the Einstein equations. In the simplest case, 
we can take k = x 2 — y 2 or k = xy/\Jx 2 + y 2 like it was suggested in the 
original work [30j , but for the metric (|4.32p we do not consider any multiple 
q(p) depending on p. 

Subjecting the metric (j4.32j) to the parametric transform, we get an 
off-diagonal metric of type 

^Ll = ~V2(x,y,0)dx 2 + rj 3 (x,y,9)dy 2 



2 , m(x,y,0) 2 



-2k{x,y) r] 4 (x,y,d)5p + — — — Sv 

ok[x, y) 



5p = dp + W2(x,y,9)dx + W3(x,y,9)dy, 

Sv = dv + ri2(x,y,9)dx + ri3(x,y,9)dy (4.33) 

which is also a vacuum solution of the Einstein equations if the coefficients 
are restricted to satisfy the necessary conditions: This is a particular case 
of vierbein transform (|2.23|) when the coefficients gap are defined by the 
coefficients of (|4.32p and °g a /3 are given by the coefficients (|4.33|) . The po- 
larizations rja(x, y, 9) and N-connection coefficients vr-(x, y, 9) and n>(x, y, 9) 
determine the coefficients of matrix Ajr and, in consequence, of the matrix 
of parametric transforms B a a ()2.24p . They can be defined in explicit form 
by solving the Geroch equations (I2.19P which is possible for any particu- 
lar parametrization of function k. For our purposes, it is better to preserve 
a general parametrization but emphasizing that because the coefficients of 
metric (I4.32p depend only on coordinates x and y, we can chose such forms 
of solutions when the coefficients of the Levi-Civita connection and Ricci 
and Riemannian tensors will also depend on such two coordinates. As a 
result, we can conclude that 775 and N? depend on variables (x, y, 9) even if 
we do not restrict our consideration to an explicit solution of (|2.19|) , of type 

Considering that 772 7^ 0|Hj we multiply (j4.33j) on conformal factor (772) 
and redefining the coefficients as 773 = 773/772,770 = Va/112, w a = w a and 



23 772 — * 1 and 773 — > 1 for infinitesimal parameter transforms 
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n a = n a , for i = 2, 3 and a = 4,5, we obtain 

5s 2 2a] = -dx 2 + 773(2:, y, 6»)dy 2 - 2k(x, y) 774(2;, y, 9)8p 2 + ^7~^ fa2 
5p = dp + w 2 {x,y,9)dx + w 3 (x,y,9)dy, 

5v = dv + n2{x,y,6)dx + hz{x,y,6)dy (4.34) 

which is not an exact solution but can easy nonholonomically deformed into 
exact vacuum solutions by multiplying on additional polarization param- 
eters (it is described in section fa-ip . We first introduce the polarizations 
772 = ex.pip(x,y,9) and 773 = 773 = — expip(x, y, 9) defined as solutions of 
ip" + ip" = 0. Then we redefine 7^ — > rj a {x,y,p,9) (for instance, multi- 
plying on additional multiples) by introducing additional dependencies on 
" anisotropic" coordinate p such a way when the ansatz (I4,34p transform into 

5sf 2a] = -e^(dx 2 + dy 2 ) 

w sw ^ f a\x 2 , V5{x,y,P,9) 2 

-2K{x,y)k(p) 774 p,v)6p + — rm; dv 

&K(x,y)k(p) 

5p = dp + w 2 (x,y,p,9)dx + w 3 (x,y,p,9)dy, 

5v = dv + n 2 {x,y,9)dx + n 3 (x,y,9)dy. (4.35) 

In order to be a vacuum solution for 54 = —2kkr]4 : and (75 = 775/8KA; and 
corresponding the Levi-Civita connection, the metric (|4.35p should have a 
parametrization of type (|3.19p with the coefficients subjected to constraints 
(|3.20p if the coordinates are parametrized as x 2 = x,x^ = y,y 4 = p and 
y 5 = v. It describes a nonholonomic parametric transform from a vacuum 
metric (|4.32p to a family of exact solutions depending on parameter 6 and 
defining nonlinear superpositions of pp-waves k = k(x,y)k(p). 

It is possible to introduce also solitonic waves into the metric (I4.35|) . 
For instance, we can take r]^(x,y,p,9) ~ q(p), where q(p) is a solution of 
solitonic equation (|4.29p . We obtain a family of vacuum Einstein metrics 
labelled by parameter 9 and defining nonlinear interactions of pp-waves 
and one-dimensional solitons. Such solutions with prescribed ip = can 
be parametrized in a form very similar to the ansatz (|4.3ip . We can give 
them a very simple physical interpretation: they define families (packages) 
of nonlinear off-diagonal interactions of vacuum gravitational pp-waves and 
solitons parametrized by the set of solutions of Geroch equations (I2.19P for 
a primary vacuum metric (|4.32p . 



Second example: Parametric transforms of nonholonomic solitonic 
pp waves 

We begin with the ansatz (|4.31|) defining a vacuum off-diagonal solution. 
That metric does not depend on variable v and possess a Killing vector 
d/dv. It is possible to apply a parametric transform as it is described by 
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formula (I3.22p . In terms of polarization functions, the new family of metrics 
is of type 

<HU*'] = -m(0')dx 2 + m (9')dy 2 

-m(e') h 2 b 2 [(qky] 2 5 P 2 + m (e') b 2 ( q k) 2 5v 2 , 

8p = dp + ril{9') [(\jx\qk\)*]' 1 d x hx\b\ dx 

+7,1(6') [(ln^DT'W&l dy, 
Sv = dv + 4(0')n [ 2 ] dx + ril(&')n^ ] dy, (4.36) 

where all polarization functions Tfc(x,y,p,0') and rj?(x,y,p,6') depend on 
anisotropic coordinated p, labelled by a parameter 6' and can be defined in 
explicit form for any solution of the Geroch equations (|2.19p for the vacuum 
metric (|4.3ip . The new class of solutions contains the multiples q{p) and 
k(p) defined respectively by solitonic and pp-waves and depends on cer- 
tain integration functions like n^\x, y) and integration constant h^. Such 
values can defined by stating an explicit coordinate system and for certain 
boundary and initial conditions. 

It should be noted that the metric (|4.36p can not be represented in 
the form (I3.19P because its coefficients do not satisfy the conditions (I3.20|) . 
This is obvious because in our case 772 and 773 may depend on ansiotropic 
coordinates p), i.e. our ansatz is not similar to (I2.66P which is necessary 
for the anholonomic frame method. Nevertheless, such classes of metrics 
define exact vacuum solutions as a consequence of the parametric method. 
This is the priority to consider together both methods: we can parametrize 
different type of transforms by polarization functions in a unified form and in 
different cases such polarizations will be subjected to corresponding type of 
constraints, generating anholonomic deformations or parametric transfoms. 

Third example: Two parameter nonholonomic solitonic pp waves 

Finally, we give an explicit example of solutions with two parameter 
(6*', 6>)-metrics of type (|3.27p . We begin with the ansatz metric °g[2 tt ](0) 
(|4.35p having also a parametrization of type (|3.19p with the coefficients sub- 
jected to constraints (|3.2U|) if the coordinates are parametrized as x 2 = 
x, x 3 = y,y 4 = p and y 5 = v. We also consider that the solitonic wave <fi is 
included as a multiple in 775 and that k = k(x,y)k(p) is a pp-wave. This 
family of vacuum metrics °g[2 a ](0) does not depend on variable v, i.e. it 
possess a Killing vector d/dv, which allows us to apply the parametric trans- 
form as it was described in the previous (second) example. The resulting 
two parameter family of solutions, with redefined polarization functions, is 
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given by 

= ~e^ y ' e) {v 2 ^,y,P,0')dx 2 + r] 3 (x,y,p,d')dy 2 ) - (4.37) 

2k(x, y)k(p) 7/4 (x, y, p, 9)fj i (x, y,p, 0')Sp 2 
+ m (x, y, P, 0)rj 5 (x,y,p, 9') fe2 
8k(x,y)k(p) 

5p = dp + w 2 {x,y,p,9)r]2{x,y,p,6')dx + w 3 (x,y,p,9)r]j(x,y,p,9')dy, 
Sv = dv + n 2 (x,y,e)f^(x,y,p,e')dx + n3(x,y,e)r^(x,y,p,9')dy. 

The set of multiples in the coefficients are parametrized this way: The value 
k(x, y) is just that defining an exact vacuum solution for the primary metric 
(|4.32p stating the first system of Geroch equations of type (|2.19p . Then 
we consider the pp-wave component k(p) and the solitonic wave included 
in r]5(x,y,p,9) such way that the functions ip, 7/4,6, 102,3 and 722,3 are sub- 
jected to the condition to define the class of metrics (|4.35p . The metrics are 
parametrized both by 9, following solutions of the Geroch equations, and 
by a N-connection splitting with 7^2,3 and 712,3, all adapted to the corre- 
sponding nonholonomic deformation derived for g 2 (9) = g%{9) = and 
#4 = 2kk 7/4 and 55 = 7j^/8kk subjected to the conditions (|3.2U|) , This set 
of functions also define a new set of Killing equations (12,190 . for any met- 
ric (|4.35p . which, as a matter of principle, allows to find the "overlined" 
polarizations Tj^O') and rf£{0'). We omit in this work such cumbersome for- 
mulas stating solutions for any particular cases of solutions of the Geroch 
equations. 

Even the classes of vacuum Einstein metrics (|4.37p depend on certain 
classes of general functions (nonholonomic and parametric transform's po- 
larizatons and integration functions), it is obvious that they define two pa- 
rameter nonlinear superpositions of solitonic waves and pp-waves. From 
formal point of view, the procedure can be iterated for any finite or infinite 
number of ^-parameters not depending on coordinates. We can construct 
an infinite number of nonholonomic vacuum states in gravity constructed 
from off-diagonal superpositions of nonlinear waves 1^1 Like in the "pure" 
Killing case (without nonholonomic deformations) [5], such two transforms 
do not commute and depend on order of successive applications. But the 
nonholonomic deformations not only mix and relate nonlinearly two differ- 
ent "Killing" classes of solutions but introduce into the formalism new very 
important and crucial properties. For instance, the polarization functions 
can be chosen such ways that the vacuum solutions will possess noncommu- 
tative and/algebroid symmetries even at classical level, or generalized con- 
figurations in order to contain contributions of torsion, nonmetricity and/or 
string fields in various generalized models of string, brane, gauge, metric- 
affine and Finsler-Lagrange gravity, such constructions are considered in 

24 this may be very important for investigations in modern quantum gravity 
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details in Refs. PESIE]. 



4.3 Nonholonomic deformations of the Schwarzschild metric 

We shall nonholonomically deform the Schwarzschild metric in order to 
construct new classes of generic off-diagonal solutions. There will analyzed 
possible physical effects resulting from generic off-diagonal interactions with 
solitonic pp-waves and families of such waves generated by nonholonomic 
parametric transforms. 

4.3.1 Stationary backgrounds and small deformations 

Following the method outlined in section 13.11 we nonholonomically de- 
form on angular variable <p the Schwarzschild type solution (|4.1|) into a 
generic off-diagonal stationary metric. The ansatz is of type 

5sf 1} = €l d X 2 -V2(0df-V3(0r 2 (0d^ (4.38) 
-r/ 4 (C, 0, p)r 2 (0 sin 2 6<p 2 + %(£, 0, p)a7 2 (0 St 2 , 
dip = dp + W2(£,,fl, <p)d£, + u>3(£,#, p)di!}, 
5t = dt + n 2 (Z,$)dZ + n 3 (£,tf)dtf, 

where we shall use both types of 3D spacial spherical coordinates, (<!;, ip) 
or (r, i?, ip). The nonholonomic transform generating this off-diagonal metric 
are defined by gi = rjigi and h a = r\ a h a where (gi, h a ) are given by data (|4.2|) . 



Solutions with general nonholonomic polarizations 

They can be derived as a class of metrics of type (I2.78D with the coefficients 
subjected to the conditions (|2,79p (in this case for the ansatz (|4,38p with 
coordinates x 2 = £,£ 3 = y 4 = ip, y 5 = t). The condition (12.730 solving 
(|2.57p . in terms of polarization functions, is satisfied if 




(4.39) 



where h a are coefficients stated by the Schwarzschild solution for the chosen 
system of coordinates but 775 can be any function satisfying the condition 
j)j Parametrizations of solutions like (I2,74p . with fixed 60 = 0) when 

-h 2 (b*) 2 = m (£,ti,tp)r 2 (0 sin 2 $ and b 2 = p)w 2 (0, (4.40) 

will be used in our further considerations. 

The polarizations 7/2 and 773 can be taken in a form that 7/2 = rj^r 2 = 

V," + < = 0, 
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defining solutions of (|2.56j) . The solutions of (12,580 and (|2.59|) for vacuum 
configurations of the Levi-Civita connection are constructed as those for 

(jZTgD as flgTTBD , 



w 2 = d^(y/\rj 5 \w)/ I VMJ ^3 = ^(V 1*751)/ (V l%|J (4.41) 

and any 712,3^, 7?) for which n 2 — 77* = 0. For any function 775 ~ 1^)02 (v 3 )) 
the integrability conditions (|2.75p can be solved in explicit form as it was 
discussed in section 14.2.11 

We conclude that the stationary nonholonomic deformations of the Sch- 
warzschild metric are defined by the off-diagonal ansatz 

5ip 2 + r\§w 2 8t 2 , 



(4.42) 

Such vacuum solutions were constructed mapping a static black hole solution 
into Einstein spaces with locally anisotropic backgrounds (on coordinate <p) 
defined by an arbitrary function 775(^,1?,^) with 6^775 7^ 0, an arbitrary 
V>(£, 7?) solving the 2D Laplace equation and certain integration functions 
n 2,3(£)79) and integration constant /iq. In general, the solutions from the 
target set of metrics do not define black holes and do not describe obvious 
physical situations. Nevertheless, they preserve the singular character of 
the coefficient zu 2 vanishing on the horizon of a Schwarzschild black hole. 
We can also consider a prescribed physical situation when, for instance, 775 
define 3D, or 2D, solitonic polarizations on coordinates £, <p, or on £,<p. 



S(p 
St 



e 1( l x 2 - (df + M 2 ) - h\w 2 



dtp + * ' 

'\VS 



\V5 



dt + n 2 d£ + n^dfi. 



Solutions with small nonholonomic polarizations 

In a more special case, in order to select physically valuable configurations, 
it is better to consider decompositions on a small parameter < e < 1 in 
(|P2l) . when 

y^M = qUt^^)+£qkC^^)+e 2 ql^,ip^)..., 

v^/sT = 1 + egl(£,^, tf) +£ 2 gf(£, ¥>,#)••., 

where the "hat" indices label the coefficients multiplied to e,e 2 ,..@ The 
conditions (I4.39|) , necessary to generate an exact solution for the Levi-Civita 



25 Of course, this way we construct not an exact solution, but extract from a class of 
exact ones (with less clear physical meaning) certain classes decomposed (deformed) on a 
small parameter being related to the Schwarzschild metric. 
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connection, can are expressed in the form 





--sql,... (4.43) 

This system can be solved in a form compatible with small decompositions 
if we take the integration constant, for instance, to satisfy the condition 
eho = 1 (choosing a corresponding system of coordinates). For this class of 
small deformations, we can prescribe a function q® and define q§, integrating 
on cp (or inversely, prescribing q§, then taking the partial derivative e?«, to 
compute q®). In a similar form, there are related the coefficients q\ and g|. A 
very important physical situation is to select the conditions when such small 
nonholonomic deformations define rotoid configurations. This is possible, for 
instance, if 

2? 5 i = ^sin(^ + ^o)-^, (4.44) 

where loq and ifo are constants and the function qo(r) has to be defined 
by fixing certain boundary conditions for polarizations. In this case, the 
coefficient before St 2 is approximated as 

V5 w 2 = l-^ + £ (± + 2ql). (4.45) 

This coefficient vanishes and defines a small deformation of the Schwarz- 
schild spherical horizon into a an ellipsoidal one (rotoid configuration) given 
by 

r + x ■ ( 446 ) 

Such solutions with ellipsoid symmetry seem to define static black ellip- 
soids (they were investigated in details in Refs. [HJ The ellipsoid 
configurations were proven to be stable under perturbations and transform 
into the Schwarzschild solution far away from the ellipsoidal horizon. This 
class of vacuum metrics violates the conditions of black hole uniqueness 
theorems [19J because the "surface" gravity is not constant for stationary 
black ellipsoid deformations. So, we can construct an infinite number of 
ellipsoidal locally anisotropic black hole deformations. Nevertheless, they 
present physical interest because they preserve the spherical topology, have 
the Minkowski asymptotic and the deformations can be associated to cer- 
tain classes of geometric spacetime distorsions related to generic off-diagonal 
metric terms. Putting tpo = 0, in the limit ojq — > 0, we get q\ — > in (I4.44p . 
This allows to state the limits q\ — > 1 for e — > in order to have a smooth 
limit to the Schwarzschild solution for e — > 0. Here, one must be empha- 
sized that to extract the spherical static black hole solution is possible if we 
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parametrize, for instance, 



= dy? + — r* — «4 + £-/ — - — rr<™ (4.47) 

and 

5t = tft + en 2 {£, + en 3 (£, d)d&. (4.48) 

Certain more special cases can be defined when q\ and q\ (as a conse- 
quence) are of solitonic locally anisotropic nature. In result, such solutions 
will define small stationary deformations of the Schwarzschild solution em- 
bedded into a background polarized by anisotropic solitonic waves. 



Parametric transforms for nonholonomically deformed Schwarz- 
schild solutions 

The ansatz (|4.42p do not depend on time variable and possess a Killing 
vector d/dt. We can apply the parametric transform and generate families 
of new solutions depending on a parameter 6. Following the same steps as 
for generating f|4.36[> . we construct 



Ssf 1} 

8<p 
St 



2 m(e)^ 2 + m^ 2 m(0)$t 2 , 



u2 2 

-n w 



d<p + vl(e) 




«? + V3\y)— — — —aw, 



dt + g(0)n 2 (£, 0)d£ + v!(9)n 3 (t 0)d0, 



(4.49) 



where polarizations i9, (p, 6) and 77? ip, 8) are defined by solutions 
of the Geroch equations (|2.19|) for the vacuum metric (|4.42p . Even this class 
of metrics does not satisfy the equations (I2.56p - (|2.59p for an anholonomic 
ansatz, they define vacuum exact solutions and we can apply the formal- 
ism on decomposition on a small parameter e like we described in section 
14.3.11 (one generates not exact solutions, but like in quantum field theory it 
can be more easy to formulate a physical interpretation). For instance, we 
consider a vacuum background consisting from solitonic wave polarizations, 
with components mixed by the parametric transform, and then to compute 
nonholonomic deformations of a Schwarzschild black hole self-consistently 
imbedded in such a nonperturbative background. 



4.3.2 Exact solutions with anisotropic polarizations on extra di- 
mension coordinate 

On can be constructed certain classes of exact off-diagonal solutions 
when the extra dimension effectively polarizes the metric coefficients and 
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interaction constants. We take as a primary metric the ansatz (14. 4h (see the 
parametrization for coordinates for that quadratic element, with x 1 = <p, 
x 2 = x 3 = £, y 4 = X) 2/ 5 = £) an d consider the off-diagonal target metric 

+e 4 ??4(e^,x)<5x 2 + %(C,^x) h St 2 

St = dt + n 2 (t;,#,xW + n 3 (ti,#,xW. (4.50) 
The coefficients of this ansatz, 

9i = ~Tg,92 = -r 2 g S3 = 3)930): 

h 4 = ei 774 (£, 1?, X), /i5 = X) ^5 (£, #) 

are subjected to the condition to solve the system of equations (I2.56f) (|2.59)) 
with certain sources (|2.55p defined, for instance, from string gravity by a 
corresponding ansatz for -fields like (see formulas (lA.lOh and (jA.llh and 
related explanations in Appendix). 

The ansatz (|4.5U|) is a particular parametrization, for the mentioned coor- 
dinates (related to spherical coordinates; we prescribe a spherical topology), 
see (|2.62p . with the coefficients computed by formulas (|2.64|) and (|2.65p . 
The general solution is given by the data 

-r 2 r]2= V393 = exp V>(£, 3), (4.51) 
where ip is the solution of 

V>"+V" = 2T 4 (£,tf), (4.52) 



m = [f*fo$,x)] 2 \<Z,lx)\ (4-53) 

vsh = [f(Z,$,x)-fo(dJ)] 2 , 



where 



-jhKtJ) I r 2 ^Ax)r(^Ax) [f(t;0,x)-m,v)]dx 

The N-connection coefficients Nf = x) and N% = i?,x) are 

computed following the formulas 

= ; (4.54) 
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and 



n k = n km&ti) + n k\2]fofy I 7 t^ilA^] ^, x )d X . (4.55) 

The solutions depend on arbitrary nontrivial functions /(£, 1?, x) (with 
/* / 0), /o ^o ?[()](£,#), Wfc[i](£>#) and n fc[2] (£,#), and sources 

^2 (£> #j x)i ^4(^1 Such values have to be defined by certain boundary con- 
ditions and physical considerations. For instance, if the sources are taken 
for a cosmological constant Xh induced from string gravity, we have to 
put T2 = T4 = —X 2 H /2 into above formulas for 774,?, and n>. In gen- 
eral, we can consider arbitrary matter field sources (with locally anisotropic 
presure, mass density, ...) with nontrivial components of type Y2(£, x) 
and Y4(£, #) stated with respect to the locally N-adapted basis. In the 
sourceless case, Cq] — > 1; for the Levi-Civita connection, we have to con- 
sider /jq(^, 1?) — ► const, in order to satisfy the conditions (|2.73p . and have 
to prescribe the integration functions of type = and njp, solving 

the equation 9^n 2 m = ^n 3 m, in order to satisfy the conditions (|2.75|) and 
([226]). 

The class of solutions (|4.50p define self-consistent nonholonomic maps 
of the Schwarzschild solution into a 5D backgrounds with nontrivial sources, 
depending on a general function /(£, 1?, x) and mentioned integration func- 
tions and constants. Fixing /(£,#, x) to be a 3D soliton (we can consider 
also solitonic pp-waves as in previous sections) running on extra dimension 
X, we describe self-consisted embedding of the Schwarzschild solutions into 
nonlinear wave 5D curved spaces. In general, it is not clear if any target 
solutions preserve the black hole character of primary solution. It is neces- 
sary a very rigorous analysis of geodesic configurations on such spacetimes, 
definition of horizons, singularities and so on. Nevertheless, for small non- 
holonomic deformations (by introducing a small parameter e, like in the 
section 14.3. 1 p , we can select classes of " slightly" deformed solutions preserv- 
ing the primary black hole character. In 5D, such solutions are not subjected 
to the conditions of black hole uniqueness theorems. 

The ansatz (I4.50P possesses two Killing vector symmetry, d/dt and d/d(p. 
In the sourceless case, we can apply the parametric transform and generate 
new families depending on a parameter 6' . The constructions are similar to 
those generating (|4.49p (we omit here such details). Finally, we emphasize 
that we can not apply the parametric transform to the primary metric (|4.4p 
(it is not a vacuum solution) in order to generate families of parametrized 
solutions with the aim to subject them to further anholonomic transforms. 



44 



4.3.3 5D solutions with nonholonomic time like coordinate 

We use the primary metric (14. 8p (which is not a vacuum solution and does 
not admit parametric transforms but can be nonholonomically deformed) 
resulting in a target off-diagonal ansatz, 

5sf 3t] = -r 2 g dip 2 -r 2 gm (t^)d^ + m (tm^)di 2 

+m(Z,0,t) h (£.0) St 2 + e 5 r/ 5 (£,<M) 5 X \ 
5t = dt + w 2 (£,$,t)d£ + w 3 (£,'&,t)d'&, 

5 X = d(p + n 2 (tJ,t)dt + n 3 (tJ,t)d$, (4.56) 

where the local coordinates are established x 1 = <p, x 2 = i9, x 3 = £, y 4 = 
t-i y 5 = X an d the polarization functions and coefficients of the N-connection 
are chosen to solve the system of equations (|2.56p - (|2.59p . Such solutions are 
generic 5D and emphasize the anisotropic dependence on time like coordi- 
nate t. The coefficients can be computed by the same formulas (|4.5ip - (|4.55p 
as in the previous section, for the ansatz (|4.5U|) . by changing the coordinate 
t into x an d, inversely, x m ^o t. This class of solutions depends on a func- 
tion /(£,#, t), with dtf 7^ 0, and on integration functions (depending on £ 
and i?) and constants. We can consider more particular physical situations 
when /(£, t) defines a 3D solitonic wave, or a pp-wave, or their super- 
positions, and analyze configurations when a Schwarzschild black hole is 
self-consistently embedded into a dynamical 5D background. We analyzed 
certain similar physical situations in Ref. [36] when an extra dimension 
soliton "running" away a 4D black hole. 

The set of 5D solutions (j4.56j) also posseses two Killing vector symme- 
try, d/dt and d/dx, like in the previous section, but with another types of 
vectors. For the vacuum configurations, it is possible to perform a 5D para- 
metric transform and to generate parametric (on 8') 5D solutions (labelling, 
for instance, packages of nonlinear waves). 

4.3.4 Dynamical anholonomic deformations of Schwarzschild me- 
trics 

As a primary metric we use the ansatz (|4.1ip by eliminating the extra 
dimension term e\dx 2 and, firstly, subject it to a parametric transform with 
parameter 6 (which is allowed because the primary metric is a vacuum black 
hole solution described in terms of coordinates x 2 = £, x 3 = i9, y 4 = t, 
y 5 = if) and, secondly, nonholonomically deform the family of solutions. 
This results in an ansatz of type 

r) 4 (£, ??, 0)r74(£, 0, t)5t 2 - %(£, 0, #)%(£, 0, t)r 2 (0 sin 2 Sip 2 , 
6t = dt + t 2 (Z,$,d)w 2 (Z,$,t)dZ + fil(Z,$,9)w 3 (Z,$,t)d$, 
5 V = dv + f,l{t^,e)n 2 {^)dt + 4(t,d,e)n 3 (t,d)dd. (4.57) 
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The polarization functions 7/g and ffi are defined by a solution of the Geroch 
equations (|2,19[) for the Schwarzschild solution. We do not consider such 
solutions in explicit form, but emphasize that because the coefficients of the 
metric (|4.1ip depend only on two coordinates £ and the polarizations 
for the parametric transforms also depend on such two coordinates and on 
parameter 9. The polarizations tiq and coefficients ur? and n> have to be 
defined as the coefficients of the metric (|4.57h will generate new classes of 
vacuum solutions depending both on 9 and integration functions, like we 
considered for the general metric (|3.19p with the coefficients subjected to 
the conditions (|3,20p . We relate both cases, if we take rf> such that 

%(£, ^ = r 2 (0 %(£, 0, 0) m fo 0) = e*&W (4.58) 

for being a solution of + ip" = 0, and than define rj a to have 
™\0 HZ,#,O)V4&0,t) = hi [&*(£, tM,0)] 2 , 

%(£,^%5(£,^t)r 2 (£)sin 2 ^ = [b(^,t,e)-b (c^,e)} 2 . 

The N-connection coefficients have to satisfy the constraints 

fe 4 ^) , -(r?3 4 ^3) , + (r?3 4 ^3)fe 4 ^2)*-fe 4 ^2)(% 4 ^3)* = 0,(4.59) 

(4n 2 )' - (4n S )' = 0, 

for 

ffiwz = {b*)' 1 (b + bo)' and ffev* = {b*)' 1 (b + bo)', (4.60) 

where, for instance, {fi 2 W2) 1 = ^(r/f W2), (V3 w 3)* = ^(^3 w 3) an d 
(r/| W3)* = dt(ffo W3). We note that the functions (|4.60p satisfy the inte- 
grability condition (|4.59p in explicitly form if 60 = and &(£, t, 9) can 
be parametrized in the form b ~ &(£, t?, 0)b(t) ( it was discussed in section 

The set of vacuum solutions (|4.1ip with the coefficients satisfying the 
conditions (|4.58p - (|4.60p contains two families of generating functions 
&(£, t, 9) and 1?, 9) and certain integration functions (roughly speak- 
ing, such solutions define self-consistent embedding of Schwarzschild black 
holes into nontrivial backgrounds labelled by parameter 9). The solutions 
possess spherical symmetry and the coefficient h^iff) vanishes on the hori- 
zon of the primary black hole solution but, in general, they do not define 
off-diagonal black hole solutions. It is possible to prescribe a physical situ- 
ation describing nonlinear interactions with solitonic pp-waves if &(£, t, 9) 
is considered to be a package of solutions of such wave equations. In more 
special cases, by considering decompositions on a small parameter e (as we 
discussed in section [4.3. ip . we can treat such metrics as Schwarzschild black 
holes in a background of small perturbations by solitonic pp-waves of the 
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Minkowski spacetime. For certain configurations, we can say that we con- 
sider propagation of packages of small locally anisotropic solitonic pp-waves 
in a Schwarzschild background. 

Finally, we note that the ansatz (|4.57p posseses a Killing vector sym- 
metry because it does not depend on coordinate (p. We can perform an- 
other transform parametrized by a second parameter 8', resulting in two- 
parameter families of exact solutions, like we discussed in general form de- 
riving the transform (13.271) and constructing the set of solutions (|4.37p . Such 
vacuum solutions are parametrized by this type ansatz: 

-%(£, 0, t, 9')UC, 0, 0, t)r 2 (£) sin 2 5<f, 
St = dt + rfc{Z,0,t,O')ifi(S,&,O)v} 2 (t,0,t)d£ 

The "overlined" polarization functions rj^(6') and rfi (9') can be computed 
in explicit form (solving a system of algebraic equations) for any solution of 
the Geroch equations (|2.19p for the ansatz (|4.57|) . The generated vacuum 
Einstein solutions may define two parameter nonlinear solitonic pp-wave 
interactions with nonholonomic deformations of a primary Schwarzschild 
background. For small amplitudes of waves, using decompositions on small 
parameters, we can say that the black hole character of solutions is preserved 
but packages of nonlinear waves define certain off-diagonal interactions self- 
consistently propagating in a spacetime of spherical topology. 

4 Discussion 

In this work, we have developed an unified geometric approach to con- 
structing exact solutions in gravity following superpositions of the paramet- 
ric and anholonomic frame transforms. This provides a method for generat- 
ing and classifying exact off-diagonal solutions in vacuum Einstein gravity 
and in higher dimensional theories of gravity. A classification of solutions is 
possible in terms of oriented chains of nonholonomic parametric maps. 

Following the Geroch ideas, the scheme can be elaborated to be itera- 
tive on certain ^-parameters. The techniques being generalized with non- 
holonomic transforms states a number of possibilities to construct "target" 
families of exact solutions starting with primary metrics not subjected to 
the conditions to solve the Einstein equations. The new classes of solutions 
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depend on sets of integration functions and constants resulting from the pro- 
cedure of integrating systems of partial differential equations to which the 
field equations are reduced for certain off-diagonal metric ansatz and gener- 
alized connections. Constraining the integral varieties, for a corresponding 
subset of integration functions, the target solutions are determined to define 
vacuum Einstein spacetimes. 

The freedom in the choice of integration functions considered in this 
paper is a universal intrinsic feature of generic off-diagonal solutions de- 
pending on three/ four coordinates in vacuum and nonvacuum gravity. For 
diagonalizable ansatz depending on one coordinate (for instance, an ansatz 
depending on radial coordinate and generating the Schwarzschild solution), 
the Einstein equations are transformed effectively into an ordinary nonlinear 
differential equation which can be solved in general form and contains inte- 
gration constants. The physical meaning of such constants is defined from 
certain prescribed spherical topology and asymptotic conditions (to get the 
Newton potential for large distances and embedding into the Minkowski 
spacetime). For more general off-diagonal ansatz, it is a very difficult task 
to elaborate general principles for generating solutions of the gravitational 
and matter field equations with clear physical significance. Such generalized 
solutions depend on different classes of integration functions and constants 
and can only be tested if certain physical situations (with prescribed topol- 
ogy and symmetries) can be extracted. 

Having represented the parametrized transforms as matrices of vielbein 
maps, it is possible to answer a lot of questions about geometric and physical 
properties of new generated classes of solutions (Is a solution asymptotically 
flat? Static or stationary? Deformed to an ellipsoidal configuration? Defines 
interactions with nonlinear waves? There are possible singularities and/or 
horizons? Can be nontrivial generalizations to extra dimensions?...) even 
the Geroch equations are not solved in explicit form. For instance, in ref. 
[5], for certain cases of spacetimes with two commuting Killing vectors, the 
parametric transforms are labelled by some sets of curves and boundary 
conditions on a hypersurface. It is possible to define an iteration procedure 
on ^-parameters, and to generate an infinite set of new solutions. All such 
parametric type solutions can parametrized as certain multiples in "gravita- 
tional" polarizations like in the anholonomic frame method but subjected to 
other type of constraints. As a result, we can analyze if a solitonic pp-wave 
configuration can be generated (or not) following certain superpositions of 
the parametric transforms and nonhlonomic deformations (for instance, of 
a black hole background). 

Of course, it is not only general formulas and description of possible 
physical implications of exact solutions which are of interest in gravity theo- 
ries. The unified version of the parametric and anholonomic frame methods 
helps to understand more deeply the structure of the gravitational and mat- 
ter field equations, to define new generalized symmetries of nonlinear grav- 
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itational field interactions and to consider their nonlinear superposition as 
solitonic pp-wave packages, or (in particular cases) as small self-consistent 
deformations. Alternatively, one can take the viewpoint that some pre- 
scribed topological and geometrical configurations are fundamental, so that 
nonlinear wave deformations being somehow self-consistently created out 
of fundamental gravitational fields and superpositions of nonlinear waves 
parametrized by certain parameters and classes of integration functions. 
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A The Einstein Equations for d— Connections 

The coefficients of curvature UM, = (^ hjk ,R a bjk , ^ P \ka, 

S l j bc , S a bcd ), i.e. d-curvatures, of a d-connection with the coefficients 
(I2.45p . defined by a d-metric (I2.52p . can be computed following a N-adapted 
differential form calculus, see 2-form (|2.42p . with respect to (|2.28[) (with 
e k = 5/dx k ) and (|2^9|h 

r?i -hj .hk I jm ji rm ri /~<i r^a i a -i \ 

U hjk — ~Q^k Q^T L '-hj lj mk~ ^.hk^mj ~ ^.ha* L .jki K A - L ) 

5L a ■ fiT a 

r>a -bj .bk . jc ja tc ja /~ia qc 

U bjk ~ -Q^k Q~T + ~ ^.bk^.cj ~ ^.bc ".jfc, 

QjJ. / Q(ji. \ 

pi -jfe I -3 a , r i r<l j I rii j c sii I , s~ii rjb 

^ jka ~ -q-^T ~ I -Q^k~ + ^-Ik^.ja ~ ^.jk^.la ~ ^.ak^.jc I + ^.jb^.ka' 



Pc ^ .bk j .ba i t c /-id j d s-tc j d s-tc \ , /~ic r>d 

bka — I a u ^.dk^.ba ~ ^.bk u .da ~ ^.ak u .bd + ^.bd^.kai 



d£bk_(9C2 
Qya ^ dx k 

dC\ h 3C\ C 
^ i bc ~ ~~^~c T^b~ + u .jb^.hc ~ ^.jc^hbi 



dy c dy 

oa .be ,bd i /~ie /~<a f~ie ria 

Details of such computations are given in Refs. [31 EJ [26l l2"9"] . 
The Ricci tensor 

R-a/3 =F R. T Q/ 3r (A.2) 

is characterized by four d-tensor components R Q/ g = (Rij, Ri a , R a i, S a b), 
where 

Rij = R ijk, Ria =F — P%a = ~P ikai (-^-3) 

p — 1 p pfe o — Q c 

J^ai — r at — r aibi °ab ~ ° abc- 
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It should be emphasized that because, in general, P a i ^ 2 Pi. a , the Ricci d- 
tensors are non symmetric (this a nonholonmic frame effect). Such a tensor 
became symmetric with respect to holonomic vielbeins and for the Levi- 
Civita connection. 

Contracting with the inverse to the d-metric (|2.52p in V, we can intro- 
duce the scalar curvature of a d-connection D, 

K = g^R Q/3 = R + S, (A.4) 

where R = g %i R%j an d S = h ab S a b and compute the Einstein tensor 

G a p = R a/3 - ^g aj 3~R. (A.5) 

In the vacuum case, G a p = 0, which mean that all Ricci d-tensors (1A.3|) 
vanish. 

The Einstein equations for the canonical d-connection r 7 a(3 (I2.45|) . 

1 <- 

- ^Sa/? 11 = K ^af3, (A.6) 

are defined for a general source of matter fields and, for instance, possible 
string corrections, T a p. It should be emphasized that there is a nonholo- 
nomically induced torsion T 7 a ^ with d-torsions computed by introducing 
consequently the coefficients of d-metric (|2.52|) into (|2.45|) and than into 
formulas (j2.43p . The gravitational field equations (1A.6I) can be decomposed 
into h- and v-components following formulas (|A.3p and (|A.4p . 

R i3 -\ gij {R + S) = T fi) (A.7) 

S a b — -jh a b (R + S) = T ab , 

1 p . — T 

1 ai — *- ai ) 

— 2 P — Y 

The vacuum equations, in terms of the Ricci tensor R a ^ = g^R^^, are 

R* = 0, S£ = 0, l P? = 0, 2 Pl = 0. (A.8) 

If the conditions (EOHD . (pTHJI) and (I23TD are satisfied, the equations (lA~7l) 
and (|A.8jl are equivalent to those derived for the Levi-Civita connection. 

In string gravity the nontrivial torsion components (|2.43[) and source 
nT a /3 can be related to certain effective interactions with the strength (tor- 
sion) 

Hpvp — QpBvp ~t~ ^pPfjLV ~\~ ^v>Ppp (A.9) 

of an antisymmetric field B up , when 

iV = -Ih^H vXp (A. 10) 
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and 



D X H X ^ U = 0, 



(A.ll) 



see details on string gravity, for instance, in Refs. [371 [38]. The conditions 
(|A.10p and (jA.lip are satisfied by the ansatz 



pup 



Zpvp + H 



pup 



\h] y/ 1 9a/3 \Eu\p 



(A.12) 



where e v \ p is completely antisymmetric and the distorsion (from the Levi- 
Civita connection) and 



is defined by the torsion tensor (I2,4ip with coefficients (|2.6p . We em- 
phasize that our ii-field ansatz is different from those already used in 
string gravity when H pup = X\m^/\ 9a/3 \zv\p- In our approach, we de- 
fine H pup and Z^p from the respective ansatz for the if-field and non- 
holonomically deformed metric, compute the torsion tensor for the canon- 
ical distinguished connection and, finally, define the 'deformed' H-field as 
Hfj, V p = \H}y\gap\ E u\p — Z pup . 



B A Solution for v— Components in Einstein Equa- 
tions 

We give a new method of constructing the general solution of the equa- 
tion (|2.57p for a general non-vanishing source T 2 (x 2 ,x 3 ,v) and h* 5 / OH 
Introducing the function 



4>[x ,x , v) = In 
we write that equation in the form 



/j 4 /j 5 |) [r 



n 5 



y/\h±H\ 



(B.l) 



= 2T 2 . (B.2) 
Using (IB.ip . we express -y/l/14 h^\ as a function of cf> and h\ and obtain 



hi = (e<T/4T 2 
which can integrated in general form 

h 5 = h 5 [ ](x 2 ,x 3 ) + - / dr 



2cj>(x 2 ,x 3 ,v) 



T 2 (x 2 , x 3 , v) 



(B.3) 



(B.4) 



3 It is more simple than that elaborated in Ref. 
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where /i 5 r ] (x 2 , x 3 ) is the integration function. Having defined h$ and using 
again (|B.f p . we can express /14 via /15 and 0, 

The conclusion is that prescribing any two functions 0(x 2 , x 3 , v) and T2(x 2 , 
x 3 , v) we can always find the corresponding metric coefficients /14 and h§ 
solving (p37]) . 

Finally, we note that if T2 = 0, we can relate /14 and h§ by solving (1B.2|) 
as (e^) = 0. Such solutions can be written, for instance, in the form (|2.73p 
and (|2.74p being defined by an arbitrary function b(x 2 ,x 5 ,v), integration 
function bo(x 2 ,x 3 ) and constant ho. 
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